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Abstract

We consider the total scattering cross-section for atom-ion collisions in a channel given by a simple
eigenvalue of the internal Hamiltonian describing the neutral cluster, i.e. the atom. Under this assump-
tion we show that the effective atom-ion interaction decays sufficiently fast to guarantee finiteness of
the total scattering cross-section. In a more refined analysis, under a condition of rotational invariance,
we show that the effective interaction is precisely of order |z|™* in the distance between the 2 clusters.
We then extract the leading term of the scattering cross-section in the limit where the semiclassical
parameter, i.e. the ratio of electronic to nuclear mass, tends to zero. For this analysis we impose a
non-trapping condition on the relevant electronic eigenvalue describing the scattering channel and use
earlier work on the Born-Oppenheimer approximation for potentials with singularities of Coulomb type,
in particular the associated semiclassical resolvent estimates. They have to be combined with results
and methods to analyze the semiclassical limit in potential scattering. We find that in our case the
Born-Oppenheimer approximation gives the leading contribution to the scattering cross-section and we
estimate the remainder.

I Introduction

The plan of this paper is as follows. In Section II we introduce the basic notation which will be used
throughout the paper and we recall a few basic facts from n-body scattering theory. We introduce the
hypotheses which are relevant for this paper and we state our main results, i.e. Theorem II.1 on the
existence of the total scattering cross-section and Theorem II.2, which gives the semiclassical asymptotics
of this cross-section. In Section III we prove Theorem II.1. The essential point are certain weighted L2
estimates which show that upon localization in energy in the relevant spectral range the effective interaction
decays faster than O(|z|~2), which is the obvious norm estimate on an atom-ion interaction. In Section IV we
prove Theorem I1.2. We first establish the relevant semiclassical estimates on potentials and resolvents, using
methods from [KMW?2]. Then we prove an upper bound on the total scattering cross-section, in the spirit
of [RT] and [RW]. Finally we derive the leading term of the cross-section, given in terms of an appropriate
effective potential which only depends on the nuclear coordinates. In Appendix A we collect for the sake
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of the reader the basic geometrical formalism due to Agmon for n-body scattering theory which gives nice
intrinsic formulae. We apply these formulae in Appendix B to obtain all relevant expressions in the special
coordinates chosen in this paper. In particular, we thus obtain the correct dependence of the cross-section on
the semiclassical parameter. In Appendix C we include the relevant expansions for the Coulomb interaction
in atom-ion scattering which are used throughout the paper.

II Notation, assumptions and main results

The Hamiltonian of a diatomic molecule with N electrons can be written in the form

2 N+2
1 1 ZZsy
P, = L (—A, Yoo (-A,) + 2 1.1
phy 2mk( )+ ; 2( ) |71 — 22| )
k=1 j=3
2 N+2
RNy
e Sl R B et 08 Lkt ]

where x), € R3, k = 1,2, denote the position of the two nuclei with mass my, and charge Z > 0 and x; € R3,
j=3,...,N +2, denote the position of N electrons with mass 1 and charge e; € R (in the physical case
charges are equal and negative). Planck’s constant is taken to be 1 in this formula.

We are interested in scattering processes, where after interaction the system becomes the union of two
clusters, which move asymptotically freely and each of which contains a nucleus. Let a = (aj,a2) be a
two-cluster decomposition of {1,..., N + 2}, i.e. a partition (aj,az) of the particle labels {1,..., N + 2},
where j € a;, for j = 1,2. Adapted to this cluster decomposition, we choose so called clustered atomic
coordinates (z,y) € R? x R3V:

1/2
1 1

h= (2M1 +2M2> » My = my. + |ag| ay, = ax \ {k} , k=1,2, (I1.2)

1

JE€ay,
ro= R, (IL.3)
Yi = fﬂj—fck,jea;,kzl 2, (I1.4)
) = M DU~ M D U (IL5)
jEa) j€Eal,

Notice that Ry is the center of mass of the cluster ag, for k = 1,2, and that z is the relative position of these
centers of mass. These coordinates are well adapted to describe two-cluster scattering of diatomic molecules
(see [KMW1], [KMW?2]). After removing the molecular center of mass motion, the Hamiltonian P,,s may
be written in this system of coordinates as

P = —h’A; +Pe(a;h), Pe(x;h) = P*(h)+ La(z;h), (1L.6)
where the sub-Hamiltonian P%(h) is given by

2
1 Zie; €1€j
i = {30 (38, + 29 - (zay) Py el
el i B lys| /- 2my, ’ oz 1= ]
1<j

= P“(h)+P%(h), (IL7)

and the inter-cluster interaction I, (z; h) by

leg €LEj ZQBJ Zle]
I,(z; h . 11.8
( ) Z|yk_y3+$_l Z|y]+1~_l Z‘(E— — | ( )

J€a2
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Later on we shall in addition need the Hamiltonian describing the free motion of the two clusters. It is
defined by eliminating the inter-cluster interaction and we denote it by

P.(h) = —h®*A, +P%(h). (11.9)

Let us now define the total scattering cross-sections. To this end, we shall at first set h = 1, for reasons of
convenience only. The exact dependence on the semiclassical parameter h will be handled in an intrinsic
matter in Appendix A.

For an arbitrary cluster decomposition ¢ = (¢1,...,¢;) of {1,...,N +2}, ie. c;U---Ue¢ ={1,...,N + 2}
and ¢; Neg = 0, for j # k, we can also choose adapted coordinates (z.,y.). We call P¢ the sub-Hamiltonian,
z. € R3* =1 the inter-cluster coordinates, y. the intra-cluster coordinates, and I.(z.,y.) the inter-cluster
interaction. By D, (resp. D,.) and by —A,_ (resp. —A, ), we denote —i times the gradient and the
Laplacian in the inter-cluster (resp. intra-cluster) coordinates.

It is well known (see e.g. [DG]) that, for this Schrédinger operator P, the modified wave operators

Q.. = s— lim eitpe—it(—A%JrfgIC(sDzC,o)derJzy)J7 (IL.10)
’ t—+too
exist for any scattering channel v = (c, Ey, ¢), where ¢ is an arbitrary cluster decomposition, ¢, is an
eigenfunction of P¢ with eigenvalue E,: P°¢, = E,¢,, and where J, denotes the identification operator,
which is defined for any L?-function f of the variable z. by

(J’Yf)(xayc) = f(mtJ)(b’Y(yc)' (11'11)

Furthermore, the family of wave operators {Q4 ,V~v} is asymptotically complete. It is equally well known
(see [Ra]) that, if a = (a1, a2) is a two-cluster decomposition with one neutral cluster (an atom), say ai, i.e.

Y e = 7, (I1.12)

then, for any channel a = (a, E,, ¢ ) with E,, outside the thresholds of P, one can define the wave operators
without modifier, namely by

', = s— lim eitpefit(fAzaJrE“)Ja. (I1.13)
) t—too

In this case, Q4 o = &'2'i7aew’(1:)1'41)7 where 1 is a real function. Therefore the result on asymptotic complete-
ness remains true if we replace Q4 o by () , when the latter exists. So we just set Q4 , = Q) _ if they
exist.
For any two scattering channels ,d, we then define the associated scattering matrix from channel v to
channel § by

Ssy = Q4 502, Tsy = Ssy — dsy, (I1.14)

where 05, = 1 if v = § and 0 otherwise. We are interested in the finiteness of the total scattering cross-section
(involving summation over all outgoing channels §) with initial channel o = (a, E, ¢), where a = (a1, az)
and a; satisfies (I1.12). Since few is known about the scattering amplitude in many-body scattering theory,
we define the total scattering cross-sections as distributions in energy (cf. [ES],[RW]). In Appendix A,
we give an invariant definition of general total scattering cross-sections. Here we restrict ourselves to the
definition of o4, using the h-dependence established in Appendix B (by explicitly computing the formulae
in Appendix A for the clustered atomic coordinates introduced above).

For A > E,(h), we introduce the magnitude of the momentum associated with the kinetic energy of the
relative motion of the two clusters in the scattering channel « via

na(Msh) == AY2(h),  Aa(h) := X — Eq(h). (IL.15)
For each unit vector w € S?, we introduce the plane wave

x +— exp(ih ™ 'ng (A h)w - x)
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of energy A, (h), which satisfies
“RA, e e O — (A B (R)) et neGie sy e RY (I1.16)

For g € C§°(14;C), 1o =]E4(h); +00[, we consider the wave packet

1 ) . . ()\)
RB " _ th™ "ne(Ah)w xgi d\ 11.17
Sz — gu(x) 5 ?h/Re Rz ( )

(for the normalization of this wave packet we refer to (B.5)). Denoting by C the set of all channels, we want
to apply, for 6 € C, Tsa t0 gu(x)da(y; h). Since this function does not belong to LZ(R3*V+1) - it decays
rapidly only in the direction defined by w - we regularize it by multiplication with a function hr, € L>(R3),
depending only on the variable  — (w - z)w transversal to the direction w of the incident wave packet g, (),
such that pointwisely

lim hp, = 1. (11.18)

R—oo

For the purpose of this paper we shall specify this cut-off function to be a Gaussian, i.e. we take
hpw(z) = e~ (@ (@o)w)*/R (11.19)

For w € §?%, the total cross-section o, (-,w) exists as a distribution on I, if, for all g € C§°(1,; C), the limit

Rh—I>noo ; HTdahR,wgw¢o¢||%2(R3(N+1)) (1120)
€

exists and defines a distribution on the interval I,. A more refined kinematic analysis in the framework of
N-particle scattering due to Agmon will show in Appendix B that for some h-dependent constant C,(h) of
order O(1) in the semiclassical parameter (see (B.3)), the total scattering cross-section o, (-, w) satisfies in a
natural way the defining equation

+oo
/E , Fe NI AN = Cull) tim 3 [ Taahinoguballfaon: (I1.21)

for all g € C§°(I4;C) (see (B.8). For physical background of this definition and its equivalence to the usual
one, see [ES], [RW], [W], [Jec]. For some channels +, § and some incident direction w, total scattering cross-
sections may not exist on any interval I (see [W]). Usually it is required that the interactions decay quite
rapidly to ensure their existence. In the present situation with Coulomb interactions, which a priori do not
decay sufficiently fast, we shall show the existence, i.e. finiteness, of o, only for some special channel «
describing atom-ion scattering, for all incident directions w € S2. The conditions on « are collected in the
following hypothesis.

Hypothesis 1. Let a = (a,Eq,¢q) be a channel with cluster decomposition a = (a1, a2) such that each
cluster contains a nucleus and such that aq is neutral, that is

e = 7. (I1.22)

j€Ea)
Assume further that there is a unique decomposition
Eo = Eoi1 + Eap with Eqj € 0gisc(PY),j=1,2, (11.23)

where Eq 1 (the eigenvalue of the neutral cluster) is non-degenerate and where P% stands for the internal
Hamiltonian of cluster a;.

Under these assumptions, we can split the space L?(R3M) of the internal variables into the direct sum

LA(R*N) = LR34y @ L2(R3Ie2l) | (11.24)
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where |aj| denotes the cardinality of @’ := a; \ {j}, for j = 1,2. We write y = (y1,y2) for the electronic
coordinates in the clusters af,a) and we have

Ga(y) = Gai(v1) daz(y2),  VyeRWN, (11.25)
Wlth Paj (,ZSQJ’ = E(x,j ¢a,j .

From (IL.7), we see that P%' is invariant under the action of the orthogonal group O(3,R) in L2(R3%1)

$(z1, 2aq)) = o2, 00 21ay)) (I1.26)

where 0 € O(3,R). It follows that, under Hypothesis 1, the eigenfunction ¢, 1 is invariant under this action.
In particular,

bai(—y1) = Ga(m1) Yy, € R3al (11.27)
In Theorem II.1 below, we shall only use that
[P0t (—91)| = |ban(n)] ¥y e REIL (I1.28)

We denote by R(z;h) the resolvent of P(h) and recall that its boundary value R(A % i0; h) : L%® — L%~¢
is well defined outside the set 7 of the thresholds and the eigenvalues of P(h) as an operator between the
weighted L? spaces, for any s > 1/2.

Our first main result concerns the existence of o, and gives a useful formula for it.

Theorem II.1. Let a = (a,E4(h),da(h)) be a scattering channel satisfying Hypothesis 1. Let T be the
set of thresholds and eigenvalues of P. For any incident direction w € S?, the total scattering cross-section
0o (-, w) exists on |Eq(h); +00[\T and satisfies, for any function g € C§°(I, \ T;C),

/m Ta(\ @) gN)2dr = /m MIm<R()\+iO)Iaea,Iaea>

N|?dX, 11.29
Eqo(h) Eq(h) o (A h) )|g( ) ( )

L2(R3(N+1)

where
ealz,y) = et maCMeTs (4o

is a plane wave describing free motion of the clusters in channel o and where the bounded function Cy(h) is
introduced in (B.8). Furthermore, we can identify o, (-,w) with the continuous function

Cu(h)h

oa(dw) = na(A;h)

Im<R(/\ +i0) Luea Iaea> (I1.30)

L2(R3(N+1)) ’

for e I,\T.

Since I,e, does not belong to L**, for some s > 1/2, this result is not trivial. Its proof - given in Section III -
depends crucially on the decay of some appropriate effective potentials, combined with phase space analysis,
i.e. an appropriate localization in the relative kinetic energy of the two clusters. Next we are interested
in the semiclassical behavior (h — 0) of o,. Inspired by [RT], [RW], and [Jec|, we expect - under suitable
supplementary conditions - to be able to find its right order in h and to exhibit leading terms expressed in
terms of effective potentials. This is indeed the case, and it is expressed in Theorem I1.2 below. This is our
second main result.

In view of (I1.30), we shall need semiclassical resolvent estimates, which were essentially established in
[KMW?2]. In fact, our present situation is contained in the context of [KMW?2] except that the Coulomb pair
potentials are not of short range (which was assumed there for reasons of simplicity to deal with the usual
wave operators). For the resolvent estimates, the arguments of [KMW2] still work.

First of all, we restrict ourselves to the groundstate energy of P% and demand some stability property w.r.t.
x and h.
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Hypothesis 2. Let E,(h) be the bottom of the spectrum of P*(h). It is known that E,(0) is a non-degenerate,
isolated eigenvalue. Let Ao > E,(0). From (IL.7), we see that, for some § > 0, \g — 3§ > E,(h), Ey(h)
being also a non-degenerate, isolated eigenvalue. Let Ai(x;h) be the bottom of the spectrum of Pe(x;h). We
assume that, for h small enough (say h < hg) and for x in a neighborhood Oy, of the non-compact set

{2 eR3; \(z;0) < Ao},

Ai(z; h) is a simple eigenvalue, is the unique eigenvalue of Pe(x; h) that tends to Eo(h) as |x| — oo, and the
unique eigenvalue of Pe(x; h) that tends to A\ (x;0) as h — 0. Furthermore, we demand that

Ai(x;h) — Eo(h) as |z| — oo, uniformly w.r.t. h < hg, (I1.31)
Ar(x;h) — M(2;0) as h — 0, uniformly w.r.t. x € Oy, . (11.32)

Note that there exists dg > 0, such that, for hg small enough and 0 < h < hg,
{zeR®; A(z;h) < Ao+d0} C Oy,

We also impose that, for hg small enough and 0 < h < hg,

inf (U(Pe(x;h))\{)\l(x;h)}) > X+ 20, (I1.33)

ZEGO)\O

where o(Pe(x; h)) denotes the spectrum of Pe(x; h).

Under Hypothesis 2, we shall construct a so called adiabatic operator PAP | which is a good approximation
of P below the energy Ag. For z € Oy, let 1.(x;h) be a normalized eigenfunction of P.(x;h) associated
to A1(x;h). As in [KMW?2], we can extend it to a smooth, normalized function ¢.(z;h) of = such that, for
some §; > 0,

(Pe(x; h)ge(ws h), de(x;h)) > Ao+ 61, (11.34)

for all 0 < h < hg and for all  in some compact neighborhood K of the complement of O,,, satisfying
K C {zeR¥ N\ (x;h) > N,0<h<hg}.

We denote the orthogonal projection on the one-dimensional space generated by ¢.(x;h) by II(xz,h). It
induces a projection II(h) on L*(R3*™+D). The orthogonal projection Iy(h) onto ¢ (k) (mtroduced in
Hypothesis 1) also induces a projection on L?(R3V+1) which we still denote by IIy(h). We then define the
adiabatic operator associated with the spectral projection II(h) by PAP(h) := II(h)PII(h). We denote by
RAP(z; h) its resolvent and set TI(h) = 1 — II(h) and IIy(h) = 1 — Iy(h).

We consider an energy range J C|E4; Ao[- Let ¢; be the Hamiltonian flow of the effective Hamiltonian
function

Heff(x7€) = |€‘2+/\1(an) _Ea(o)' (1135)

An energy A € R is non-trapping for Heg if, for all (z, ) belonging to the energy surface of Heg of energy A,
the point ¥ (x, £) goes to infinity as ¢ and —¢ go to +oo.

Hypothesis 3. Let J an open interval of R such that J is non-trapping for the effective Hamiltonian
function Heg, i.e. A is a non-trapping energy for Heg for all A € J.

Note that such an interval J is contained in I, \ 7, for hA small enough. Thus Theorem II.1 holds on J. In
our context we need such a hypothesis to obtain a semiclassical estimate on the resolvent.

It is, however, not at all obvious to find a (physical) diatomic molecule and some energy range J such that
Hypotheses 2 and 3 hold. For |z| large enough, the stability of the eigenvalues and the gap condition in
Hypothesis 2 are reasonable and should hold in the generic case (see [HV]), and the non-trapping condition
holds. Therefore one may enforce the validity of these hypotheses by adding some smooth, fast decaying
potential V(x) in the definition (II.1) of the Hamiltonian P. Since the asymptotic behavior of the total
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cross-section depends only on the decay at infinity of some effective potential, one does not change the
leading term of the cross-section if this additional potential decays sufficiently fast. More precisely, we shall
demand that the additional potential V (z) € C°°(R3, R) satisfies, for some sufficiently large p > 0,

vy eN? 3C, >0; Ve e R®, |8)V(z)| < C. (x)y=rhl, (11.36)
where (z) := (1 + |z|?)'/2. In view of our asymptotic estimates on the following relevant effective potentials
we can actually choose p = 5. A natural borderline would be decay faster than some p > 4, but to treat this
case requires some modification of our proof.
Under the previous hypotheses, we shall derive in Proposition IV.1 semiclassical estimates on R(\ £¢0) and
RAP(A4i0), for A € J, using arguments developed in [KMW2]. Finally we introduce the effective potentials
which govern the leading terms of o,. Denoting by Cs the electronic charge of as, that is

Co = > e, (I1.37)

J€aj

we define the function
C(i,y) = (Co+ Zy) Z e -y, (11.38)

lea)

where 2 = x/|z| and where - denotes the standard scalar product in R3. Physically, this function describes
the interaction of the dipoles formed by the electrons in cluster a; with the effective charge of cluster as.
Define ) R R

Rq(h) = (P*(h)Ilo(h) — Ea(h)) ™ o (h). (11.39)

The effective potentials we consider are given by

Le(x) = Ai(2;0) — Eq(0) (I1.40)
Ieff(x) = =2 <Ra(0)ﬁ0(0)c(i‘7y)qsa(o)vﬁO(O)C(ja y)¢a(0)>L2(RgN)|$|i4 . (1141)

We prove in Lemma IV.2 that Log (x) is everywhere negative if Cy + Z5 # 0. Of course, Iog(x) is the effective
potential which one expects in the context of the Born-Oppenheimer approximation. The other form of
effective potential, Teﬁ(x), is also known in the physics literature. It is especially suited to compute the
asymptotic behavior of the effective interaction as |x| — co. We remark that the presence of the reduced
resolvent in icﬁ(m) shows - in formal physical language - that the scattering cross-section is dominated by
second order perturbation theory, since the term in first order perturbation theory actually is O(]z|~%)
because the effective dipole (and higher) moments in both clusters aq,as vanish in view of the rotational
invariance of the total wave function ¢, 1, see (I1.26). We shall show in Lemma IV.2 that these 2 useful
forms of the effective potential agree in leading order, i.e.

et (@) — Leg (z)| = O(|z|~°), as |z| — oc. (I1.42)

It is essentially this fact which allows to use either form of effective potential to describe the leading order of
the total scattering cross-section in equation (I1.44) below. Now we can state our second main result, which
gives the semiclassical asymptotics of o,.

Theorem I1.2. Let a = (a, E4(h), 9o (h)) be a scattering channel satisfying Hypothesis 1 and Hypothesis 2.
Let J be a real interval satisfying Hypothesis 8. Then we have

oa(Nw) = O(h™2/3), (I1.43)

locally uniformly w.r.t. X\ € J and w € S%.. We set nq(\;0) = (A — E,(0))'/? and we denote by H,, the
hyperplane orthogonal to w. Then there exists some €y > 0 such that, for either choice of effective potential,
i.e. forl=1Ieg and I = leg, we have

oa(Aw) = 4C.(h) /Hw sin® (W /Rl(u—i— sw)ds) du + O(h_2/3+5°) , (I1.44)
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locally uniformly w.r.t. X\ € J and w € S®. Here the function C,(h), depending on the cluster decomposition
and the masses, satisfies Co(h) + Co(h)™r = O(1) as h — 0 (see (B.3)). Furthermore, if as is not neutral
(i.e. the electronic charge Co of ay satisfies Co # —Z3), the leading term (II.44) with 1 = log is ezactly of
order h=2/3 and thus is o,.

Remark I1.3. By saying that oo is exactly of order h=2/3, we mean that there exist two h-independent
constants Cy,Co > 0, such that Cy < h*/304(h) < Cs, for h small enough. The proof of this fact uses the
special form of Ieg and arguments from [Y]. Applying (I1.44) for 1 = Lg, we then see that the corresponding
leading term is also ezactly of order h™2/3, which a priori is not clear at all. In particular, the Born-
Oppenheimer approximation correctly describes the asymptotics of the total scattering cross-section in the
situation considered in this paper.

III Existence of the total scattering cross-section

In this section we shall prove the existence of the total scattering cross-section as stated in Theorem II.1.
In particular, we shall assume throughout this section that the initial channel « is associated to a two-
cluster decomposition a = (ay, as) with a; a neutral cluster, that is, (I.22) holds for a;. Then ||T,qul? is
independent of the modifier used in (I1.10) and thus, in view of the optical Theorem expressed by equation
(IT1.3) below, o4 (-,w), if it exists, is independent of the choice of modifiers. As a first step, we establish the
following representation formula. Here we use the function ur. = guhr., Where g,,hr,. are defined in
(I1.17) and (II.19).

Lemma IIL.1. For g € C§°(1,;C), I, :=|E,; +00], one has

S Tsatnwdall® = 4r / T (RO + 0)Ta bttt (s Ta i (A))dA (I1L.1)
gec Ia
where 32
uR,w(A,x) _ 8% (na(h)\)> / 6ih71na(>\)l.9_%/\a(9§+9§)\/Eg()\agf +Ea)d9, (IIIQ)
T Si

where 01 = 0 - w, the components 02,03 denote the directions orthogonal to w € S? and Si_ denotes the half
sphere 61 > 0,0 € S2.

Proof: The asymptotic completeness of wave operators (which for some channels are possibly defined in an
appropriate modified form) gives
2 2
D19 gull* = [[ull
B

for u in the absolutely continuous spectral subspace of P. Thus
SO Tpatl2 = ST (20 — Qpa)ull? = 1@ — Qo a)ul[2 = —2Re(Tanu, u) (11L3)
B B
Using the spectral representation Fy,(\) and the identification operator .J, associated with the channel «
introduced in (B.6) and (II.11) one has (see [W])
Too(A) = Fo(M)TaaFa(N)* = =21 Fo (M) J2 (1o — IoR(A 4+ i0)1,) Jo Fo (A)* (I11.4)

for A € I,,. Since F,(\) : L>(R3) — L?(I,, L?(S?)) is isometric, one gets

Re(Taatide, i) 2y = —2r / T (F (\) 2T RO+ 10)Ta T Far (A)* Far(A)uty For (A1) 252, dA
I

o

or / T (RO + i0)Lada (V) Tudati(\)) L2 a1 dA, (ITL5)
I

e
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where u € S(R2). In view of of (B.6) we have
u(\, ) = Fo(\)*Fa(Nu = %(27rh)_3na()\) / e na N @=9) 0y (1) dydp. (I11.6)
S? xR3

Taking 4 = ug,w = guwhr,w, we combine (II1.3) with (II1.5) to obtain the representation formula (III.1). To
compute ug ., (A, ), we assume w.l.o.g. that w = (1,0,0). Then g, is a function only of z; and one calculates
with the notation 6’ = (62, 63),y" = (y2,y3)

/ eiih_lnﬂ(/\)y'eu&w(y)dy _ /eiih_lna(}\)ylelgw(yl)dyl‘/ eﬂ‘h—lna(A)(yf.ar)iyfz/Rdy/
R3 R R2

= 2(mh)"2g(Aab? + Eo)(na(\)01) Y2 Hy (61) - wRe™ w2 20" (1IL7)
where H, denotes the Heavyside function. Integrating over € in (II1.6) with u = upg,, gives the asserted
formula for the transformed function ug (A, z). O

Writing 6/ = (05, 03), setting B g = {0/ € R%;|0'| < R~(179/2} and using df = (1 — 6’*)~/2d¢’ on S%, we
note that equation (II1.2) implies

R Tla()\) 8/ ih—1 A 02140 R_\ /2 2 9
ure(A2) =gy (m) /B e e M@0 4200 o= 55007 () g2 =g (X — \,0%)de’
€, R

+ O.(|RAa|™®), (IIL8)

uniformly in z € R3. For |0'| < R~(1=9)/2 we change variables via 7 = v/R#’ and, considering separately the
regions || > R/? and |z| < R/?, we observe that, for ¢ sufficiently small,

<x>_€|eih*1na(>\)(m1 1—72/R+ﬁ-r/) _ eih’lna(k)x1| < Cna()\)(l + TZ)R_E/2.

Taylor expansion of the integrand in equation (III.8) combined with the evaluation of the Gaussian integral

_my g, Arh?
22 g1
/Rz e R,

gives

Lemma II1.2. For any e > 0, N € N there exists C > 0 such that

1 1 12 ih~'n Tw €ep—e¢ —
[urw(@A) = 5 <M> gN et T < Cla) R g (V)N (I11.9)

uniformly in x € R3, R > 1 and n,(A\) > ¢ > 0, for fived h.

We shall now derive Theorem II.1 as an easy consequence of

Theorem IIL.3. Let x € C§°(R) be equal to 1 on [—06/2,5/2] with supp x C (—0,0). Assuming Hypothesis
1, there exists § > 0 such that for any A € I, \ T and for u,v € L= (R3) with

X(=h?A, — Ao)u = u, X(=h?Ap = Ao)v =0 (I11.10)

one has
[(R(A + 10)Lapau, Ladav)| < Cs||(x) " ul| e [|{x) 0| (II1.11)

where 0 < s < 1/2 and Cy is independent of X in any compact subset of I, \ T.

Proof of Theorem II.1: It is well known that the map

(Ia\T) 3 A= ((2,9)) "R +1i0)((2,y))~°
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is continuous for any s > 1/2. From Theorem III.3 - and its proof - we see that the function
faAw) = (R 4 i0) L, paei MeXNww T g eih™ naNew) (111.12)

is well defined and continuous for A € I, \ 7. Let ug(A) be the function defined in Lemma III.1. Then

Upw(A) and et ma(MNTw gre [0 _functions satisfying the condition (IIL10) in Theorem IIL3. Therefore,
combining Lemma II1.2 with the definition of f, and ug,()\), we find that for some 0 < s < 1/2

‘(R(A +i0)paur w(N), Iodatr.w(N) — Mfa(A,w)‘
—s (>\) i’lna xrw
< Cl|(z) <uR,w(A)—Weh ™ > N
< CuR™*?n,(\)|™M, (II1.13)

for all M, |na(X)| > ¢ > 0. This estimate proves that for any g € C§° (I, \ J), the limit

Rh—Igo Z HTBahR,wgwﬁba H2
BecC

exists. From the definition of the total scattering cross section in equation I1.21 we obtain

[oatr@lgPar=Con [ Tmfa(re) i?(l') »

Thus we have

Co(R)h™1

oa(N\w) = LIm(R(A +1i0)eq, loeq) (I11.14)
na(A)

as a distribution in D’(I, \ 7). Since the right hand set of equation (III.14) is a continuous function of

A€ I, \ T, so is the scattering cross-section o, (A, w). O

The remaining part of this section is devoted to proving Theorem III.3. This is divided into several steps
which shall be stated as distinct Lemmata. Here we are inspired by the weighted L? estimates and the phase
space decomposition in [CT].

Lemma IIL.4. If u € L>=(R2) satisfies x(—h*Ay — Ao)u = u, with x as in Theorem IIL.3, then
(1 - X(fthac - Aa)) Lapau € L2,5(R3(N+1))
for any s < 3/2 and
(1= x(=h?As = Xa)) Ladat|| p2.c ocviny < Csor|[{2) ™ ul| o (IIL.15)
for any s, s’ with s +s' < 3/2.
Proof: Let I" be the set of all possible collisions between nuclei and electrons, described in the coordinates
(z,9), as defined in equation (C.1) of Appendix C. We choose a cut-off function ¥ € C§°(R3V+1) with

0 < x <1, which is equal to 1 in a small conic neighborhood of I'" and vanishes outside a slightly bigger
conic neighborhood. Then

adou € LRIV and (1 — x(—h*As — Ao)) Xladau € L2¥R3OTD) v >0

On the support of 1 — X, the interaction potential I, is smooth, and since the cluster a; is neutral, we have
for I, = (1 — x)Ia

ia(x,y)qba = O(|z|™?), 8zia(x7y)¢a = O(|z|™3) in LQ’S(RSN)7 Vs > 0.
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Next we rewrite R R
(1 - X(_hQAw - Aa)) (Ia¢au) = _[X(_hQAw - )‘a)aIa](¢au)

The kernel of the commutator —[x(—h2A, — \s),14] is given by

K(x,x’) = ﬁ/ (ia(ﬂ%y) - ia(x',y)> eihilg'(xfm,)x(fz — )\a)df
) 1
= (2;71)3 /eihflg(z—w') /0 (25 . aria) (x/ +t(x — m’)7y)dt X/(fQ “\)de (IIL16)

An easy analysis shows that
X(=h*Ap = Xa) Lol (dou) = O(|2|7)  in L>*(R3N),Vs > 0.
This implies the first statement of the Lemma. The asserted norm estimate (II1.15) is evident from the
above proof. O
Lemma IIL.5. Let ¢g be a normalized eigenfunction of P® : Ppg = Eg¢y with eigenvalue Eg < E,. Then
<Ia¢a> ¢5>L2(R2N) € LQ’S(REU) Vs < 1/27 (III]-?)
and in the case E, = Eg we have the tmproved estimate

(Ta¢as dp)r2mey) € L*(R]) Vs < 3/2. (IT1.18)

Proof: We use an explicit computation to check the case E, = Eg. In this case, Hypothesis 1 implies that

8(Yy) = a1 (Y1)dp.2(y2)

where
P%¢59 = Eq 2082, ||ép,2ll =1

Setting & = {37, we have modulo a term in L?%(R3), for any s < 3/2 and for |z| > 1,

1 R .
<Ia¢m ¢5>L2(R2N) = W ((01 + Z1)A2’5(1') — (Cz + ZQ)ALQ(:C)) (111.19)
where
Ci=> en, j=12
kea’;
and
8ip@) = Y e [ 5 noaw)sat)dy
kea’
= Z ek /55 Ykl Pat (1) PP 2(Y2)Pp2(y2)dy, Yy = (y1,v2)

kea

Since Cy = —Z;, one has, modulo a term in L**(R3), for any s < 3/2,

Tata, 8) = —# (Co+ Z5) Avy(3)

Using equation (I1.28) - which is a consequence of Hypothesis 1 - we see that

Y1 Z ek/ﬁ'yk|¢a,1(y1)|2

’
kea
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is an odd function. Thus its integral vanishes and
Ay (%) =0,
which proves (IT1.18). The proof of (III.17) is similar. O

We shall now localize in energy using the spectral projections for P*. We set 26 := dist (F,,0(P*)\{Es} >0
and denote by II; the spectral projection of P® associated with E, and by I, II3 the spectral projections
associated with the intervals | — oo, E,[ and |E,,00[. The projections II; are regarded as operators in
LQ(R?’(NH)). It is then possible to estimate on the range of the spectral projections Ils, IT3 the resolvent

Ra(z,h) = (Pa(h) — Z)_l
of the Hamiltonian P, describing the free motion of the clusters, which was defined in (I1.9). One finds

Lemma IIL.6. Let x € C§°(] — 6,6[) and u € L>®(R3). For j = 2,3 we have the weighted estimate
[10)* (@)* Ra (A i0)Tx (=A% Ay = Aa)(Laaw)|| < C[(x) ™ ul

for all s > 0 and for all §',s" satisfying s’ + s"” < 1/2.

Proof: Setting v = I,¢,u, we have IIyt) = ZE[,<EQ (1, ¢5>L2(ng)¢g, where {¢g} is an orthonormal set of
eigenfunctions of P* with eigenvalue Eg < E,. By definition of 4, if [£2 — A\,| < §, then

E+E; - A= - +E;—E,

is invertible. Thus, using the support properties of x, the function gg(&,\) = x (€2 — A\o)(€2 + Eg — A\) " Lis
bounded and smooth, for Eg as above. Furthermore

Ru(A £ 100 (~h?Ay ~ Ao = 3 ga(hDe, N1, 85) 2 5. (111.20)
Ep<Eq

Using decay of ¢ in the variable y (which follows from standard estimates) one can apply Lemma II1.5 with
s=8"+5" <1/2 to get the asserted estimate for j = 2. For j = 3, we have P§ := [I3P*Il3 > (E, + 20)IIs.
Applying the Fourier transformation with respect to the x-variable, we see as above that

Ra(A£i0)x(=h%Ap — X\o)3 = (PS¢ + h2D2 — X\) " x(h®D2 — A\ )13

is well defined as a bounded operator on L?(R3*(V+1), Applying the method of commutators, one can verify
by induction that

’

) (@) (P + n2D2 = )X (D2 = A sy) (@) || <

£(L2)

for any s, s’ € R. Granted this, the estimate for j = 3 follows from the following weighted estimate on

() (@) Lagau

|, < Clullz~,

for any s,s’ < 1/2, which is an easy consequence of decay of ¢, in y and fall-off proportional to |z|~2 of
||Ia¢aHL2(]R2N)' O

Piecing together the results of these Lemmata, we are now ready to give the

Proof of Theorem III.3: Let 6 > 0 be given as above and let A € I, \ J. We then decompose ¢ = I,¢,u
into 4 pieces via

3
b= ", to=1—x(hDI =)0, ¥;=ILx(A*DZ—X)y, j=1,2,3. (I11.21)
j=0
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Similarly, for v € L>(R32), with u, v satisfying equation (II1.10), we decompose ¢ := I,¢ov := Z?:o ¢;. This

gives
3

(RONH10)1h,¢) = Y (R(A+i0)1), di). (I11.22)

7,k=0
For j = 0,1, we get from Lemma II1.4 and IIL5 that ¢;,¢; € L>*(R3N+1D) Vs < 3/2. This gives for

j,k =0,1, using the weighted estimate for the resolvent,

RO+ i0)0;, 810 < Ol )Y 05 111z, 1))
< Culla) ™l e () " 0] oe (II1.23)

for any s > 1/2, 0 < s’ < 3/2—s. In the case j = 0,1, but k = 2,3, we decompose further using the resolvent
equation

R(A +140) = Ry(A+10) — Rg(A + i0)I, R(A + ©0).
This gives

(RO A+ 0y, d)] < O (1) sl @)~ Ra(X — i0)@x | + [[{( )0 1 )+ Ra(r — i0) e
Cull @)~ ull = (&)~ o]l =, (11L.24)

IN

for any s > 1/2, 0 < s’ < 3/2 — s. We have used the weighted estimate on the resolvent R(A + ¢0) and on
¥;, for j = 0,1, - as explained after equation (III.22) - to estimate the contribution of ¢; and we have used
Lemma III.6 to estimate the contribution of ¢j. Interchanging j, k we obtain the same estimates for the
other cross terms j = 2,3 and kK =0, 1.

Finally, to treat the case j, k = 2,3, we iterate the resolvent equation once more:

R(A+1i0) = Ry(A+10) — Ry(A + i0)I,Ro (A + i0) + Ry (A + i0)I, R(A + i0)Ig Ry (A + 40). (I11.25)
The first 2 terms on the rhs of this equation are easily handled by Lemma III.6 and give

(Ra(A+i0)05,06)| < Clléa) ™ ullpoe @)~ vllpee, Vs’ < 1/2
(Ra(A +i0)[uRa (A + 005, di)| < Cl@) % uflpee||(x) " vl|poe, Vs’ < 1. (I11.26)

VAN VAN

For the third term on the rhs of equation II1.25 we obtain, again via Lemma II1.6,

|<Ra()‘ + iO)IaR()‘ + iO)IaRa()‘ + iO)l/}j, ¢k>| < O||<x>71+SRa(/\ + ZO)M’]” ||<I>71+5Ra(>‘ - ZO)‘ka
< Oll) ™ ull oo ()~ vl o, (IIL.27)

for any s > 1/2, 0 < s’ < 3/2—s. Choosing s arbitrarily close to 1/2 and adding equations (I11.23), (II1.24),
(I11.26) and (II1.27) proves Theorem III.3. O

IV Semiclassical estimate of the total scattering cross-section o,

This section is devoted to the proof of Theorem II.2. Thus, within this section, we shall always assume
Hypothesis 1,2 and 3. To study the semiclassical behavior of the total scattering cross-section o, we shall
follow the strategy developed in [RT] (see also [RW], [Jec]). First, in Subsection IV.1, we establish some
results on the potentials and the resolvents, using essentially the arguments of [KMW?2]. Then, in Subsection
IV.2, we prove the upper bound (I1.43) in Theorem II.2 using the decay of the relevant effective potential.
Finally, in Subsection IV.3, we exhibit two (equivalent) leading terms of the total scattering cross-section,
which are exactly of order h=2/3. This then completes the proof of Theorem II.2.
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IV.1 Semiclassical behavior of potentials and resolvents.

To estimate (I1.30), we need a semiclassical estimate on the boundary value of the resolvent and some
information on the decay of the function I,e,.

In Appendix C, we derive the expansion of I,¢, for |z| large. The leading term involves the function C(Z, -)
given by (IL.38) which describes the dipole moment in the neutral cluster. We shall see that R, (h), defined
in equation (IL.39), also plays an important role. Indeed, it contributes to the effective potential Lg defined
n (I1.41). Using Appendix C, [KMW1] and [KMW?2], we shall show the following facts.

Proposition IV.1. Let T' be the h-dependent set of all possible collisions (defined in C.5) and let x be an
h-dependent smooth function on R3 N+ equal to one on some conic neighborhood of T', and equal to zero
on some bigger conic neighborhood. For any s > 0, we have, uniformly w.r.t. h,

ada € LI(RINVTD) (IV.1)
11 =Tadally, = O((2)7%), (IV.2)
where || - ||, denotes the norm of bounded operators on L*(R3N). For |z| > 1, uniformly w.r.t. h,
T3 ) Lo, s B)bally = Ol ™), (IV.3)
Lg(z) == M(z;0) — Eo(0) = O(|z|™), (IV.4)
[I(z; h) (Ta(w, s h) = Lea(x))dally = O(R%|z|™*) +O(|z|7) (IV.5)
Tz 8) (La(z, 3 h) — Leg(2))dally = O(RP|z|™*) +O(l2| %) | (IV.6)

Furthermore, the smooth function R3 \ {0} > x +— I(z;h) has the following properties. There exists yu > 0
such that, uniformly w.r.t. x and h,

> (@)1 e s )0 (T ) — T () o ()| = 0(1). (Iv.7)
151<2 Y

Note that (IV.7) remains true if the first projector I1(z; h) is replaced by Ig(h). The resolvents satisfy, for
all s > 1/2 and locally uniformly for X € J,

[(z = Uy) "R £i0)(x — 1(y)) || + [{2) *RAP(A £ i0; ) (x) || = 0(h7"), (IV.8)
| (z — l(y))‘sR()\j:ZO;h | = o), (IV.9)
H ()" TH(R(A £ 0) — RAP (A & i0; 1)) 1(2) || = 0(A°). (IV.10)

Proof: (IV.1) follows from the exponential decay of the eigenfunctions ¢, (h), which is uniform w.r.t. h.
According to Appendix C, equation (IV.2) holds for || > 1 and uniformly w.r.t. h, and

A(z; h)

|| (To(R) + o (0)) (La(a; ) + La(: 0)) (o () + o (0)) ||, = BE + O(Jz|79), (IV.11)

where 2 = x/|z| and A(Z;h) is uniformly bounded as h — 0. Furthermore, the operator (z)2I,(z;h)IIy(h)
is uniformly bounded. Using this fact, we can show, as in [KMW?2], that

Sl 2+|B|Heu )08 (I(; h) — o (h H (IV.12)

181<2
Using (IV.12) and (IV.11), we obtain

T (2; )L (2; B)Tg(h) = (T(x; h) — To(h))La(a; h)TIo(h) + To(h)1a(z; h)To(h)
= O(lz]™). (IV.13)



JKW, 03-04-2000 15

Next, we show that R
M(z;h) — Eq(h) = Leg(z) + O(R*z|™*) + O(|z|7°) . (Iv.14)

Using (IV.12), we first note that, since the eigenfunction ¢, (h) is normalized,

[Tz h)a(R)lly = 1+ O(lz|7?) -

Thus, according to (IV.11), for |z| large enough and writing (-,-), for the scalar product in L?(R3"), we
have

A(x;h) = Eo(h) = (T(x;h)pa(h),
h

%
Q
—~

h)), /(@ )b (R
h)), + O(l=°)

= 2R((I(z; h
= 2R(((z;h

NI(z; h)da(h > + O(|z|~ 5)
)¢a(h)), + O(|z]7%) (IV.15)
Next, we use the following lemma, which will be proved after the present proof.

Lemma IV.2. Setting R,(z,h) = (P*(h)IIo(h) — 2)"'To(h) and R,(h) = Ra(Eo(h),h) (as in equation
(11.89)), we have, for |x| large enough and uniformly w.r.t. h,

2R((TI(w; h) — o (h)) b (h) , Ta(w; ) da(R)),,
= —2(Ra (Mo (h)C (&, y)da(h) , Ho(h)C(&,y)¢a(h)), - |2|~* + O(lx|°) . (IV.16)

In particular, the two forms of the effective potential satisfy equation (I1.42), i.e.

ih
ih

et (2) — L (2)] = O(I2| ™), as |2| — oc.

Furthermore, the first term on the rhs of (IV.16) is negative, for all  # 0, if the cluster as is not neutral.

Using Lemma IV.2, we obtain (IV.14). By a Taylor expansion w.r.t. h and using the previous estimates,

T(z; h)La (25 W) (h) = TI(x; h)La(x; 0)Ig(h) + O(hlz| %)
(2 0)La (z; 0)Io (0) + O(h*[2|~°) + O(lx|~°)
= TI(x;0)(M(;0) — Ea(0))ITp(0) + O(h?[z[°) + O(Jz|~°)
= TI(x;h) (A(x:0) — Ea(0)Io(h) + O(h?[a] =) + O(|a|~°) .

We then have proved (IV.5). Using (IV.15), we derive (IV.6) from (IV.5).

Finally, we follow the arguments in [KMW?2] to derive (IV.7) from (IV.13). Still following [KMWZ2], we
obtain resolvent estimates with the weight (x —I(y)). As already remarked in [KMW2], (z) *II(x)(z —(y))®
is uniformly bounded. Thus we may replace this weight by (x) if II is present. We do this for the second
term in (IV.8) and in (IV.10). O

Proof of Lemma IV.2: Equation(I1.42) simply follows from (IV.15) and(IV.16), for h = 0. To prove
(IV.16), we write the projections as contour integrals. Let I' a complex contour enclosing E, (h) and Ay (x; h)
for h sufficiently small and |z| sufficiently large. For brevity, we shall now notationally suppress the depen-
dence on h. We rewrite the lhs of equation (IV.16) as

1

lhs (IV.1 —
s (IV.16) Sim

R(((Pele) = 2) = (P* = 2))u . = § (Pela) =) = (P*(0) = 2) ") dz ).
_2%%}5 dz ((Ea - Z)<(Pe(x) - Z)_1¢a ) ¢a>y + (EOé - Z)_1<Ia(x)¢a ) ¢a>y)

(s

2o f e (B (Pele) )0 60), + O(). (1v.17)
N

(s
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by (IV.11). So we need to compute IToR.(z)Ily, where R.(z) = (P.(x) — z)~!. To this end, we use the
resolvent equation
R.(2) = Ro(2) — Ro(2)IoRo(2) + Ra(2)1a(2)Re(2) 14 Ro(2) (IV.18)

which gives R .
HoRe(2) g = Ry (2) g + Ra(2) oIl Re(2)1o I, Ry (2) + O(|x|7?) (IV.19)

Inserting these estimates into (IV.17) and using Appendix C and (IV.11) again, we arrive at (IV.16) with
R, (h) replaced by IIgRe(Eqs(h))I. But

ITlo (Re(Ea) = Ra(Ea)) WoC(#5y)dally = Oz %), (IV.20)

uniformly w.r.t. h. This follows from a Neumann expansion of R.(z), exponential decay of ¢, uniform
boundedness of the weighted reduced resolvent (y)™ R, (y)~™, for any M > 0, combined with ||, (y)~™|, =
O(|z|~2). This proves equation (IV.20) and thus (IV.16).
Since Ro(Eq(R)) > b > 0, uniformly w.r.t. h, the first term on the rhs of (IV.16) is bounded above by
—b|TLyC (5 y) e (h)]|?/|2|*. Since

IT16C (s )a ()12 = 0

by the rotational invariance of ¢ 1 (see Appendix C), we have

IToC (& y)a (W = IC(E: y)da()y > 0. (Iv.21)

IV.2 Semiclassical upper bound on o,.

To derive the semiclassical bound (I1.43), we follow the strategy used in [RT], [RW], and [Jec]. As seen
in these papers, the asymptotic behavior of the scattering cross-section depends only on the decay of the
pair potentials. In fact, the relevant parameter is the decay, in the inter-cluster variable z € R3, of an
“effective potential” TI(z) I, IIy(x), which was estimated in Lemma IV.2. As mentioned there, this potential
is related to I, and thus to the eigenvalue \;(z;0). In our case this effective potential decays like (x)~*
by (IV.3), and the Coulomb singularity is located at x = 0. In the framework of [RT], we set p = 4 and
define v := 1/(p — 1) = 1/3. Notice that the potential I,IIy only decays as (x) 2, which a priori is not even
sufficient to guarantee finiteness of the total scattering cross-section. In addition one has to be careful with

the Coulomb singularities. These two points are the real new features which we have to address. This will
be done with the help of (IV.1) and (IV.2).

As usual, any bounded neighborhood of the origin (z = 0) does not contribute to the total cross-section.
Since the potential is very small at infinity, there should be some region at infinity that does not contribute
to the main part of the total cross-section. To rigorously implement these facts, we introduce, in the spirit
of [RT], an h-dependent partition of unity in the inter-cluster configuration space R2. Let 6 > 0 and set
n:=(1+d0)y=(149)/3. Let Z?Zl Xj = 1 be this h-dependent partition of unity on R?, where, for all
1<j<3,x; € C®[R%R),0<y; <1, and

xi=1 on {Jz] <h™ 3} xa=1 on {2n 3 < |z| < 2n~(1F9/3}

suppx1 C {|z| < 2h71/3} , suppxs C A := {h71/3 < |z < 3h7(1+5)/3} , suppxs C {|z| > 2h7(1+5)/3} )
We demand further that, uniformly w.r.t. h,

Yo € N, 3D, > 0; Vj € {1,2,3}, [0%x;(z)| < Du(x)l (IV.22)

This is possible since the sets {x; x;(z) = 0} and {z; x;(x) = 1} move away from each other as h — 0. We
shall see that the main contribution in o, is of order h=2/3. It is produced by the annulus A. Recall from
(I.30) that

Cqo(h)h=1

oa(Awih) = o O

S(R(A +i0; h)]aeq , Loeq) -
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For convenience, we get rid of the unessential prefactor. To this end we define

~ Cy(h)h?

oa(Awih) = O T) Ga(A,wih) . (Iv.23)

Now we write each factor I,e, as > j Xjla€a. As previously mentioned, one can localize the factors outside

a neighborhood of 0:
Proposition IV.3. For x,0 € C*(R%R) and X € J,

R(A£i0;h)xIlaea = xea + R(A £i0;h)[x, —h*Aeq,
and

<R()\ i0; h)xIpeq, 91a6a> + %<R()\ +140; h)0,eq, XIaea>
E‘r< R(\ £i0; h)[x, —h*A)eq, [0, —hQAl.]ea> + E‘S<R()\ +40; h)[0, —h*AL)eas [X; —hQAx]ea> . (IV.24)

Proof: Algebraically, one simply uses the fact that (P(h) — Neq(h)) = Io(h)eq(h). Of course, one has to
verify that the resolvent R(\ £ 40;h) can be applied to the function xI,e,. But this is a consequence of
Theorem II1.3 as explained in the proof of Theorem II.1 in the previous section. O

This yields the following new expression for 6.
Ga(Nwih) = SRA+i0;h) vy, va) (IV.25)
where v, = ([Xl, —h2A.) + (x2 + X3)Ia)ea . (IV.26)

Next we introduce the projection II(z). On both sides of the scalar product, we write 1 = II(x) + II(x).
Since ITR(\ + 40; k)T is symmetric, we see that

Go = d1+ 6y 1y + s (IV.27)
where
Fan(Awih) = 3< R(A+i0; )T, , va), (IV.28)
(A wih) = S(IR(A+i0;h) Mvg , va) (IV.29)
Gn(hwih) = S(IR(A +i0; W) v , va) . (IV.30)

In Lemma IV.4 below, we shall directly estimate (IV.28) and (IV.29) while we shall use the adiabatic
approximation of the resolvent to deal with (IV.30) in Lemma IV.5 .

Lemma IV.4. For all € > 0, there exists some C. > 0 such that, for all h > 0 sufficiently small and locally
uniformly in (\,w) € J x S2,
Gi(A\wih)| < Cept=2/3+01/20)

for j = (IL,TI) and j = (II,1I).

Proof: We first note that, for s > 0, there exists some ¢ > 0, such that, for all z,y, (x — I(y))* <

c((z)s + (I(y))?®), where {I(y))* < c(1 + O(h?®)|y|?). By the exponential decay of the eigenfunction ¢, we
can bound |[{x — I(y))*v.| by some constant times ||{(x)*v,||. For s < 1/2,

[x2laeall = [[{2)7° (z)*Xx2laeall (Iv.31)
< O(h*7) |Taeallpz@scviny = O(RY57), (IV.32)
Ixslaeall < O(ROFI3Y Toeq | fogacviny = O(RIHI/0=¢) (1V.33)
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for any small € > 0, thanks to (IV.1) and (IV.2). If the projection II(z) is present, we deduce from (IV.3)
that, for 1/2 < ¢’ < s <4 —3/2,

O(h(473/27s)/3) H <l’>73/27(5751) ||L2(R3)
O(h1—(1/2+s)/3) 7 (Iv.34)

1(@)* X2 Taea |

IN

H<x>S/X3HIanL|| < O(h(473/275)(1+5)/3) H<£C>73/27(S*S’)”L2(R3)

O(h(1*(1/2+5)/3+5(5/2*5)/3). (IV.35)
Next we write
[x1, —h?Ar)ea = —2ihna(Nw - (Vx1)ea + h2(Ax1)eq.
Similarly, we obtain
1) bur ~h?AJeall < O(RIHO3/279/3) |2y =32~ | Lo g
O(n'=(/2+)/3) (IV.36)

Now we use the resolvent estimate (IV.9) and see that ; is of order in h

1-2/3+1/2—7¢/6.

O
In view of the adiabatic approximation of the resolvent, we define
Oaa( A\, w; h) % S(IIRAP (X +i0; h)Tvg , va)
=: % Faad(A,wih), (Iv.37)

where v, is defined in (IV.26). In fact, 0.q is almost the total cross-section with initial channel « for some
adiabatic system as shown in [Jec]. It thus should be a good approximation for ¢,. Indeed, we claim that

Lemma IV.5. For all € > 0 small enough, there exists some C. > 0 such that, for all h > 0 sufficiently
small and locally uniformly in (\,w) € J x S?,

|6\, w; h) — Gag(A, wi h)| < Cht=2/3+1/2=9)

In particular,
oa(Mwih) = ogaq(\ wi h) + O(h™2/3+1/2=)y, (IV.38)

Proof: It suffices to use (IV.34), (IV.35), and (IV.36), together with the resolvent approximation (IV.10),
as in Lemma IV.4. Equation (IV.38 is then obvious from the definitions. O

Next we want to derive a leading term for 6,q(A,w;h). To this end, we proceed in several steps. We first
isolate in the configuration space the region giving the leading contribution (the annulus A). Then we show
that the subregion where the impact parameter is small gives a negligible contribution to the scattering
cross-section. The term we are left with is transformed by the so called eikonal approximation and we obtain
some leading term, in which no resolvent is present but that depends on cut-offs. To exhibit a “proper leading
term”, which is independent of cut-offs, we reinject previous terms (which are in fact negligible). From the
physical point of view, such a leading term should be expressed in terms of the eigenvalue \;(z), which is
the effective potential in the context of the Born-Oppenheimer approximation. Therefore we introduce:

fl = 2Z71a(>\, O)h(VXl) -w and fg = X2(>\1 - Eo) = XQIcﬁ' 5 (IV39)

and with this notation we find
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Lemma IV.6. There exists some ey > 0 such that, for all 1 < j, k < 2, and locally uniformly on J x S?,

2
Faa(N\wih) = S(IRAP (A +i0; h)IIfjeq , frea) + O (R 72/3+0),
j,k=1

Proof: We proceed as in Lemma IV.4 without using equation (IV.32) and (IV.33). In view of (IV.5) we get
the result (as in [Jec]). O

We note that, for j € {1,2} and uniformly w.r.t. h,
suppf; C A = {h7'? < |z < 3n~ (/%) (IV.40)
and  |f;(z)] = O({z)™"). (IV.41)

The inclusion (IV.40) is a direct consequence of the support properties of x1 et x2. The decay estimate
(IV.41) is obvious for fy. We check it for f;. According to the decay in x of Vy; (cf. (IV.22)), which is
uniform w.r.t. h, there exists some ¢ > 0 such that, for all  and h,

‘<x>4f1($)) < 2na(X;0)h <$>31|{\z|<2h71/3}($)‘ ‘<$>(VX1)($) < ch!TEYP = ¢,

Let H, = {x € R% 2 -w = 0} be the hyperplane orthogonal to w. For all z € R3 we have a unique
decomposition of the form = = z, + (¢ - w)w, where the transversal component z, € H, is the impact
parameter. We expect that some region of small impact parameter gives a negligible contribution to the
cross-section. Thus we introduce a new partition of unity, on R2. Let 0,0, € C°(R?;R) such that

01+0=1 , 0<61,0,<1,
O1(u) =11if jul <1 and suppb; C {Ju| <2}.

For j,k € {1,2}, we define
fin(z) =0, (h“*z‘”/‘*xw) fu(z). (IV.42)
Lemma IV.7. Ifj =1 orl =1, then there exists some ¢y > 0 such that, locally uniformly on J x S?,
S(IRAP (A +i0; W)L fireq , fimea) = O(R'72/3F<0) .

Proof: According to (IV.40), the volume of the support of fij is of order in h: —(1 4 6)/3 — 2(1 — 2§)/3.
This gives, for some h-independent, non-negative c,

@) fixeall < ell@)* ™ Lanppp, ()l = O(hI=C/2F/3+02) (IV.43)
Using again (IV.8), we see that the corresponding terms have order in h
1-2/34+(1—-25)/3+6/2 = 1-2/3+¢,

for some €y > 0 as soon as s is close enough to 1/2. O

Next we come to the eikonal approximation. Roughly speaking, we are looking for functions g; such that
(PAP — )\)ih_lgjea = fojeq. Expanding this, we expect that

200 (X 0)w - (Vegj)ea + ihilIcﬁgjea = fajeq + smallterms.
Thus, for j € {1,2}, we set
+o00o P
gj(z) = / foj (@ = 2n0 (X; 0)tw)e ™ "G Lot (@=2na (X0) (t=9)w)ds gt
0
Thanks to (IV.40), the integration takes place on a compact set, where no singularity is present (Ieg is

smooth away from 0), so that each g; is well-defined and C*°. Furthermore they also have the following
properties, as one can check by an elementary computation.
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Proposition IV.8. For j € {1,2}, uniformly w.r.t. x and h, one has

suppg; € {hTOTE < | < 3RO (IV 44)

|95 ()| + |(Vg;)(@)| < O((h*1/3+|ww|)*3), (IV.45)

(V) (@)| = Om*(—2975), (IV.46)

[(Agj)(@)| = ORPI=2/571) (IV.47)

200N 0w - (Vgy) +ih Tegg; = fo5 - (IV.48)

To control g; in the direction w, we introduce a new cut-off y4(z) = ((h1+9)/3z . w), where ¢ € C5°(R;R)
verifies

supp¢ C {t; [t] < M},

for some real number M > 1. Uniformly w.r.t. z and h, we observe that
‘(sz;)(x)’ < ch(+O/3, ‘(AX4)($)‘ < ch2H0)/3. (IV.49)
that x4 = 1 on the support of fy; thanks to (IV.40) and that
suppxag;j C {x € R™; |z| < Rh~(H0/ 3} (IV.50)

for j € {1,2} and for some R > M.

Proposition IV.9. For j € {1,2}, we have the following representation

IRAP (X £i0; h) T fojeq = ih™ ' TIxagjea — TRAP (X £i0; h)TIr}Peq

where
r?D = hMI[-h?A,, ) ag; +ih TI[-h%A,, x4lgj + ih  TIxa(—h*(Ag;))
+ih ™ xag; (L — Leg) — 2ih(Vg; - w)(na (A h) — na(X;0))1le, -
Proof: The arguments of [Jec] apply. O

Lemma IV.10. There exists eg > 0 such that, for all j, k € {1,2},
(IRAP (X £i0; )73 Pey | fopeq) = O(R'72/3F0)

locally uniformly on J x S2.

Proof: We estimate the scalar product as in the previous lemmata. The contribution of the factors con-
taining [—h%A,, x4], —h*(Asg;), and na (A h) — na(X;0) = O(h?) respectively, can be treated as in [RT].
Thanks to (IV.5), this is also the case for the factor containing I, — I.g. We are left with the contribution
of ih 'I[—h%A,, II]x4gj€q, which was treated in [Jec]. We only estimate the “worse” contribution, coming
from the factor f := 2(II(VII)IIy - nq(X; h)w)xagjeq. Using (IV.7) and Proposition IV.8, we obtain, for
1/2<s <s<4-3/2,

(@) fIl < O(h) |[{w) 73/27 =D (g,) 75F3/2H5 oo || = O(R1=(/2+9)/3+1/3=00()) |

where the function ¢(s) is bounded near 1/2. Putting everything together, we see that this contribution is
negligible for ¢ small enough. O
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Lemma IV.11. For 1 < j,k < 2, locally uniformly for A € J and for w € S?,

(ih ™ (Il — Hp)gjeq , fornea) = O(R2/3F/3) (IV.51)

(ih™'gjea , forea) = (ih7'g;, for), = O(n' 2%y, (Iv.52)

where (), denotes the scalar product in L*(R3).

Proof: The first estimate follows directly from (IV.7) for IIo(II — IIy)IIy and from the previous arguments.
The second one is already contained in [RT] and its proof applies here. O

We are now ready to prove the first part of Theorem II.2, i.e. the estimate (I11.43). To this end we recall the
definitions (IV.37), (IV.23) and combine the estimates and representation formulae of Lemma IV.6, Lemma
IV.7, Proposition IV.9 and Lemma IV.10 to extract the leading contribution to the cross-section o,q(A, w; h).
Using nq (X h) = na(X;0) + O(h?), we thus can find some ¢y > 0 such that, locally uniformly for A € J and
w€ES?,

Co(h)h™!

cad(A,wih) = 0 (0 0)

> S(ihTgs , fary, +O (RT3, (IV.53)
1<4,k<2

Combining equation (IV.38) with Lemma IV.11 then yields the estimate (I1.43).

IV.3 Leading terms.

In this subsection we complete the proof of Theorem I1.2. We first show (I1.44) for I = I.¢. With a similar
proof, we treat the second case. Finally, we use arguments of [Y] to prove that these leading terms are
equivalent to h=2/3, as h goes to 0. In order to exhibit a leading term that does not depend on the cut-offs,
we add as in [RT] some negligible terms to the previous leading term. Because of the singularity in the
effective potential, we shall keep the cut-off in impact parameter until the end. We define, for j = 1,2,

+o0 1t
@) = / £i(@ = 2na (X 0)tw)e ™ Jo Tesrla=2ma 0 (= )e)ds gy
0
Lao(z) = 6o (h*“*%)/%w)leff(x) . (IV.54)
Lemma IV.12. For 1 < j, k < 2, there exists ¢g > 0 such that locally uniformly w.r.t. X\ € J and w € S?,

> S(ihTlgy k), = SGERTN(G 4 32) o Lem), + O(R!T2ET) (IV.55)

1<5,k<2

Proof: Using the previous arguments, it is easy to show (see [RT]) that, for some ¢y > 0,

Z S(ih~ gy, fa), = Z S(ih™ (g1 + 32) » far), + SR~ (91 + J2) » xslem2),
1<5,k<2 1<k<2

+O(ri23re)
Recall that fos = x2legs. For k = 1, we obtain by partial integration,

S@h G+ G2) 5 far), = S@ERTH(G+G2)  O2(h” T2 a,) 2ihng (X 0)(w - Vxa)),
S(ih ™ 2ihna (N 0)w - V(g1 + g2) , 02(h~72932,) xq) .

From Proposition IV.8, we derive

20 (N 0)w - (V) +ih 'egg; = f;.
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Thus
S(h™ (g1 + 32) s far), = (Gh™ (514 32) » xaleme), — (fi+ f2 5 x1), -

Since fo and xp are real-valued, ${f2, x1). = 0. Since

OZ/W'V(Xf)dx = 2/X1W'(VX1)d$a

S(h™ (14 32) s fr), = A5+ 32) 5 xale2), -
O
Let, for |z,| > 1,
+oo g —1 [t
g*(l‘) _ / Ieﬁ(ﬂf _ 2na()\7 O)tw)e—ih Jo Ieff(m—Qna(A;O)(t—s)w)dsdt )
0
Lemma IV.13. There exists eg > 0 such that, locally uniformly w.r.t. A € J and w € S?,
SR+ G2) » Leme), = S(h7'g" | Lem), + O(R!72/3F0) . (IV.56)

Proof: Since in view of (IV.54) the scalar products are localized away from 0, the arguments of [RT] apply.
O

We are left with the computation of %<ih_1g*, Ieff2>z. Using (IV.48) and I.¢ being real valued, we obtain
S(ihg*, L), = —%/Qna()\;O)w~Vg*92 (h*“*%)/%w) da.
As in [RT], we observe that, for © = z,, + sw,

—2n,(A\; 0w - Vg*(z) = —Ieg(zy + sw)e” Tratnonh | oo Tett (@ Fuw)du,

Since 02 only depends on z,,, we obtain as in [RT]

1 (- . 1 oo
%<’Lh lg 7Ieﬁ'2>x :4na(Aa0)hAw 92(h (1 26)/3xw) Sln2 (Wl /_Oo Ieff(xw +uw)du> d$w~

(IV.57)
Since the function

. 1 oo
Ty SIH2 (W /;Oo Ieff(ajw + uw)du)
is essentially bounded and since 6; has compact support, (IV.57) with 65 replaced by 6; makes sense and is

of order h'=2(1=20)/3 " which is O(h'~2/3+) for some €y > 0 since § > 0. From (IV.53), we thus obtain

1 Heo
a . — 4 20 - Ie —2/3+€o IV.
Taa(heih) = 4Ca(h) /H o (%(A; 0)h / (@ + uw)du) Ao + Ofh ) @V)

which is (11.44) for I = I.g.

Since the potential I.g has the same properties as Log (see Proposition IV.1), we can follow the proof in
Subsection IV.2 and the previous proof with Lg replaced by leg. We thus obtain the formula (IV.58) with
e, which is (I1.44) for I = Ieg.

Now we assume that Cy + Z5 # 0. To show that o,q (and thus o,) is exactly of order h=2/3, we estimate
as in [Jec] the integral in (I1.44) for I = I.g. Recall that Iog(z) is of the form A(#;0)|z|* (see (IL41)) and
that A(Z;0) is everywhere negative by Lemma IV.2 since Cy + Z5 # 0. Thanks to this form, one can show
as in [Y] that, for some h-independent constant b # 0,

1 +oo R 2/3
4 in? [ ———— I = =23 [ 1Q IV.
C,(h) /H sin (4ﬂa(>\; 0 [m (T, + uw)du) dx, = bCq(h)h S})’ (w,T)‘ dr, (IV.59)

w
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where SL is the unit sphere in H,, and where ) is given by
Qw,7) = / Leg(cos O w + sin 6 7) sin® 0 db (IV.60)
0

for 7 € SL. By Lemma IV.2 we know that the integrand - and thus - is negative everywhere. Thus the
rhs of (IV.59) is exactly of order h=2/3 since C,(h) + Co(h)~! = O(1) by (B.3).

We have proved that, if if Cy + Zo # 0, 0,4 is exactly of order h~2/3 and, thus, so is the integral in (IV.58)
with Ig. This completes the proof of Theorem II.2

A  Agmon’s geometrical formalism

In this section, we present a geometrical formalism, due to Agmon (see [A]), for the scattering theory of
many-body Hamiltonians. We apply it to obtain intrinsic formulae which allow to calculate in a systematic
fashion various normalization factors which arise by specializing to certain arbitrary choices of coordinates.

Recall that we consider N + 2 particles, two nuclei, labeled by 1,2 and with masses m1,ms, and N electrons
with mass m; = 1, j > 3. On the Euclidean spaces R*™¥+2) and R?, and on their dual spaces, we denote by
| -| (resp. (-,-)) the usual norm (resp. scalar product), while the duality is denoted by & - r, for r € R3(N+2)
(resp. 7 € R?) and ¢ in the dual space.

The main idea in Agmon’s geometrical formalism is to interpret the Laplacian —A, and —A€ in the inter-
cluster and intra-cluster variables as Laplace-Beltrami operators on the spaces X. and X°¢ which we shall
introduce below. To this end, we consider a mass-dependent quadratic form § on R3V+2) given by

N+2
c](;vl, e ,LCNJrQ) = 2m1\x1\2 + 2m2|x2|2 + Z 2|1’j|2
7j=3

On the dual space, we denote by ¢* the dual quadratic form defined by

6w = Sla P+ e e LY g
Lo bvaz) = gl Iy 22 2j=3 il
The restriction of ¢ to the subspace
N+2
X = {(z1,-- ,on42) € R3WFD: 2y 4 maozs + Z z; = 0} (A1)
=3

is called ¢. We decompose R3(N+2) = X @ X1, where the orthogonal complement X+ of X w.r.t. § is
X+t = {(x1, -, ang2) € RV vk 5 e {1,... N +2}, o = 25} (A.2)

Let A be the set of all cluster decompositions (i.e. partitions) of {1,---, N+ 2}. For each ¢ = (¢1,...,¢m) €
A, let fic := m denote the number of clusters. We introduce two subspaces X¢ and X, of X, which satisfy
X =X°® X, and X, = (X°)* w.r.t. ¢. More precisely, we define

X = {(wj)1cjenia € X; Yk € {1, fc}, Y myw; =0} (A.3)
JECK

and
Xc = {(x])1§J§N+2 S ){7 Vk € {1, .. .,ﬁC}7 (],l € cp, — T; = xl)}u (A4)
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We denote by mw°r (resp. m.r) the orthogonal projection of r € X onto X¢ (resp. X.). Furthermore, we
introduce a partial ordering C on A, defined by

cCcd <— X°cX?e—= X.CX,
— Vje{l,... fe}, Vk € {1,... td}, (¢;jNdy # 0 =>¢; C dy).

Thus ¢ C d means that the clusters of ¢ are obtained by splitting the clusters of d.
For j # 1, let d = (j1) be the cluster decomposition, where all clusters are singletons with the exception of
one cluster consisting of the particles j and I. Then we have, for r = (z;)i1<j<ni2 € X,

mr = (0,...,0, (3 — ), 0,...,0, —4(x;—x;), 0,...,0) €X?

mi+m; mp+m;

| |
Gt entry Ith entry

In particular, the interaction terms in the Hamiltonian Ppp,s only depend on 77, the projection of r € X
onto X%, for d € A. Now, we can rewrite the Hamiltonian Ppp,s, given by (IL.1), with the appropriate
definition of the potentials V., as

Pphys = 7AXL — AX + Z Vc(’]TCT),
ceA

where —Ax (resp. —Ax.1) is the Laplace-Beltrami operator of X (resp. X*) w.r.t. the metric generated
by ¢ (resp. ). We remark that in the case of our physical Hamiltonian all potentials are pair potentials, i.e.
V. = 0 except for clusters ¢ of the form ¢ = (j1). Removing the center of mass motion, we obtain

P = —Ax+ > V(rr). (A.5)
ceA

The operator P naturally acts in L?(X,dux), where dux is the measure in X induced from the Lebesgue
measure in R¥N+2) wrt. the standard Euclidean norm | - |?. Denoting by —A, (resp. —A€) the Laplace-
Beltrami operator of X, (resp. X¢) w.r.t. the metric generated by the restriction ¢, (resp. ¢¢) of ¢ to X,
(resp. X°), we set, for all ¢ € A,

P = —A°4 > Vu(r?), Pe = —A.+P° L(r) = Y Va(r9). (A.6)
dCc df c
Then we have P = P, + I.(r). In the same way, for D, = —id, acting in L2(R3N+2);dz), we write

D, =D+ ®1+1®Dx, where Dx (resp. D*) acts in L?(X) (resp. L?(X*)). Moreover,
Dx = D.®1+ 1®D¢ (A7)
where D, (resp. D) acts in L?(X,.) (resp. L?(X¢)).

As usual in many-body scattering theory, we introduce a suitable Fourier transform to “diagonalize” P,
restricted to an eigenspace of P¢ corresponding to a discrete eigenvalue. Let v = (¢, E, ¢,) be a channel
with cluster decomposition ¢, discrete eigenvalue F,, and normalized eigenfunction ¢,. For A > E,, we
set as usual n,(\) := (A — E,)1/2. Let ¢¢ be the restriction of ¢* to X and let S¢: (X)) be the unit
sphere of X¥ w.r.t. the metric induced by ¢}. In particular, if w. belongs to the sphere S, (X)), then
¢} (ny(AN)we) = X — E,. Equivalently, the function /

X, 3z, o e Mweze (A.8)
is a generalized eigenfunction of —A, with eigenvalue A — E,, that is

_Ac eina,()\)wc-xc _ ()\ _ E’Y) eina,()\)wc-a:c . (Ag)
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Considering the Lebesgue measure d¢. on X (induced by the standard Euclidean norm |- | in X), we equip
S¢: (X)) with a measure df. such that

“+oo
Vfe LY (XD), [ J(&)de =/0 r"c—ldr/S F(ro.) do. , (A.10)

ak (X;)

where n, = dimX} = dimX.. For each channel v = (¢, E,, ¢.,), we define an isometry

Fy: LA (Xe) — My = L2 (|By; +ool; L2 (Sg: (X))

c

by (F1f)(X6.) = Dy(V) / em 0 fa) da (A1)
where dz. is the Lebesgue measure on X, (induced by the standard Euclidean norm |- | in X) and
1 . ne—2)/2
Dy(A) = —=(2m) 72 (ny (1) "2 (A12)

V2
A direct calculation shows that F,P.F7 is multiplication by A in the space H,. Furthermore, the operators
Fo(\) 1 L2(X.) — L*(Se: (X))
where L2(X,) := L*(X,, (z.)® dz.), are bounded for any s > 1/2. We introduce the identification operators
J,LA(X,) — L*X) (A.14)
fo= fmer) ¢y (mr)

To define the total scattering cross-section, we introduce a superposition of plane waves of type (A.8), which
will be the input of the scattering process. Recall that | - | refers to the standard, mass-independent norm
on X}. A straightforward calculation shows that

¢ =h*-| onX; (A.15)
For w, € Sy-(X), we define (using (A.15))
|Wc\1/2 iny (N)we- g(N) —1
e = ——— My MWerle 02— g\ | el =h"", A.16
RN A ROV e (410

where the normalization factor is chosen such that

9wl 2@y = ll9llL2m), (A.17)

where the Lebesgue measures is used on Rw, and R. Since g,,, does not decay in the direction orthogonal to
we, we introduce the regularizing function kg, , which only depends on the transversal variable x. —(w¢ 2 )w.
and satisfies pointwisely
lim hp,, = 1. (A.18)
R—o0

Definition A.1. Let 7,0 be two channels associated with the cluster decompositions c,d respectively. Let
We € Sq: (X)) and let I be an open subset of |E.;+oo[. If

Toy(9) = Jim | Toyhp . gody]” (A.19)

defines a continuous quadratic form on C§°(I; C), then the total scattering cross-section osy(-,we), from the
channel vy to the channel &, with incident direction w., exists in I and is the antilinear continuous map given
by
o5y CP(I;C) — D'(I;C)
g +—  Bsy9.)
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where Bs(-,-) is the sesquilinear map associated to 75,. In this case, denoting by (-,-)" the duality between
D' and C§°, we have

v-g € Cgo(la(c)a <0'5’Y(g)7g>/ = Tév(g)- (AQO)
Analogously, we define the total scattering cross-section o.,(-,w.) in the channel v, with incident direction
we, by replacing (A.19) by

7y(9) = Jm Y[ Toyhnw, go. 651 (A.21)
éeC

B Using coordinates

To derive the semiclassical asymptotics of o, we shall use the coordinates (z,y) € R x R3" | introduced
in (I1.3) and (I1.4) and adapted to the two-decomposition a = (a1, as). In this section, we shall express all
objects needed in our paper in terms of the clustered atomic coordinates (z,y). In particular, we derive the
dependence on the semiclassical parameter h, defined in (I1.2).

First of all, we parametrize X, by r = u,(z), where the components of 7 € X, C R¥*N+2) are given by

Moy . .
{ A%x ¥f j € aq, (B.1)
—57z if  j€ay,

and where M = M; + M denotes the total mass of the molecule. We parametrize X by r = u®(y), where
the components of 7 € X¢ € R3WV+2) gatisfy

—5 Yow i =1,
l€a/1

-1 Low if =2
lea;
yj—ﬁkz/yl it jea,, ke{l,2}.
lea,

Then u = ug + u® : R2 x RgN — X c R3(WV+2) parametrizes the center of mass subspace X. To express a
scalar product in L*(X, dux) as a scalar product in L*(R3 x RN, dx dy), we need the transformation rule

d/LX = det(g”)dx dy, 9ij ‘= (du ei,du 6j)R3(N+2), (BQ)
where {e;} denotes the standard basis of Ri(év oA straightforward calculation then shows that

Cu(h) := y/det(g;;) satisfies C < C,(h) < C~1, (B.3)

for some constant C' > 0, uniformly w.r.t. 0 < h < hg. For this particular choice of coordinates, the operators
P, P,, P?, and I, are given by (I1.6), (I1.7), and (I1.8) respectively. To emphasize the h-dependence of E,, and
N (A), we shall now write F,(h) and ns(A; h) respectively. We remark that the pull-back of the quadratic
form ¢}, the kinetic energy associated with the relative motion of the 2 clusters, to the coordinate space
(R3)* satisfies

a0 (ug)™H = 12| s (B.4)

This is just a rephrasing of the concept of reduced mass and relies really on the same calculation which
gives —h?A, for the operator of the kinetic energy in equation (IL6). Thus w, € Sy:(X}) satisfies w, =
(uX)~Y(h~'w), for some vector w in the usual unit sphere S of R®. Thus, the wave packet g, , introduced in
(A.16), will be denoted and given by

1 ; . -1, g()\)
RS " _ iny(Nh)h " twe I\ d\ B.
>a = o) = oo [ e ny (A7 ()

in the coordinates (z,y).
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The isometry (A.11), for v = «, is now viewed as
Fo:L*(R%) — L*(|Eq(h);+oo[; L*(S?))

(Fof)(\0O) = DQ(A;h)h*B/Z'/RBe*ih’lna“;h)@'mf(x)dx, (B.6)

where

1/2

Do(Xih) = —5(2m) (o (1) (B.7)

Finally, we express o, in terms of the coordinates (z,y). In view of (A.21) and (B.3), 04(-,w) is defined by
[ rarlaEar = Calt) gim 3 [ Tsahnagtolaguonin, (B.5)
deC

for all g € C3°(|E(h); +00[; C).

C Expansion of the potentials

In this section we collect the relevant expansions of the Coulomb interactions for atom-ion scattering, which
involve the effective dipole moments and quadrupole moments of the two clusters a1, as. They are certainly
well known in the physics literature. For the sake of the reader, we state them as

Lemma C.1. Let a = (a, Eo(h), ¢a(h)) be a scattering channel satisfying Hypothesis 1. Then

(2, )M, = O(z)7?), (C.1)

H (Ia - Ol(xx|’2)> Qba(h) = O(<JE>73), C’(:i",y) = (Cz + Zg) Z eli * Y, (02)
Y lea)

(ba(h) Ta(zsh)ga(h)), = O((z)7?), (C.3)

uniformly w.r.t. h, for 0 < h < hg. Assuming in addition that o satisfies Hypothesis 2, we even have the
stronger estimate

(@a(h), La(z; h)ga(h))y = O((z) "), (C4)
uniformly w.r.t. h, for 0 < h < hyg.

Proof: Because of the Coulomb singularities, we separate the contribution of collisions. Let I' be the set of
all possible collisions, that is

o 3(N+1) . b oo r=—y+ly) or =y —y+I(y)
r: {(m,y)ER ; dleal 3y €a,, or w=Ily) or z—y, +iy) . (C.5)

Let x € C®(R3N+1D) such that 0 < y < 1, x equals 1 on a small conic neighborhood of ', and x equals
0 outside a slightly bigger conic neighborhood. We also demand that x satisfies (I1.28). Thanks to the
exponential decay (uniformly w.r.t. h) of the eigenfunctions ¢, (h), we have

Ix(z, g3 ) () Ta(@; B)da(h)]ly = O((z)~™),  VL,M €N. (C.6)
Thus, we only have to estimate the contribution of the regular part
Ireg((b) = <¢a(h)aia(x§ h)¢a(h)>y7 ia(£§ h) := (1 - x(z,y; h))Ia(x§ h)- (C-7)

According to (I1.8), we want to expand terms of the form

e+ 1|7t = Je| ™t &+ Uy /|2l
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for large |x|. To this end, we use a Taylor expansion at zero of the function f: R > r — |u+ rv|~! for
non-zero vectors u,v € R3. More precisely, one obtains by Taylor expansion, that for each r € R, there
exists some 6 €]0; 1] such that
= ok k o
1) = Y W)+ o) (©8)
k=0

We observe that the first order term (the term in |z|~1) of the expansion of I;es(¢) vanishes by neutrality of
ay (cf. (I1.22)). The second order term is given by

_<¢a(h) ’C(i" )¢a(h)>y : ‘xl_Qv C(i‘,y) = (02 + Zz) Z e -y, (C9)

lea)
)

where Cy = ZlEaé e; is the electronic charge of as and where we have used an estimate similar to(C.6) to
get
Ix(z, 55 h)pa(R)C(&, ) da(h) |y = O((z) ™), YM € N.

Using (I1.28), we see that the second order term also vanishes. The rest of the expansion is seen to be
O(|z|~3), uniformly w.r.t. h. In view of equation (C.6), this proves (C.2) and (C.3). The proof of (C.1)
is similar and involves a non-vanishing term of second order. Next we shall prove the estimate (C.4). It
crucially depends on the full rotational symmetry of the wave function ¢, = ¢a,1Pa,2 in both clusters (which
is a consequence of Hypothesis 2). For convenience, we choose the cut-off y in such a way that the new
cut-off also has the same symmetry properties. To this end, we consider T, defined as the union of the orbits
under the action (I1.26) of O(3,R) on the y-variables of each point in I" (for h = 0). As before, we construct
a cut-off y € C’OO(RS(NH)) such that 0 < ¥ < 1, ¥ equals 1 on a small conic neighborhood of T, and ¥ equals
0 outside a slightly bigger conic neighborhood. Notice that, on the support of y, the previous properties are
preserved since |z| and |y| are equivalent there. Thus (C.6) holds in this case also, and it again suffices to
estimate the regular part defined in (C.7). Obviously, the first and second order term of the expansion are
zero. Expanding further, we find that the third order term is

(ba(h) , F5(&,y) ¢a(h)) - |2|72, (C.10)
where we have estimated the contribution of the region cut out by x as above and where
Fy(i,y) = —(Ca+ Z) Y (alul® =3 8%) +2 S aey -y — 3 -2)(y;-2).  (C1)
leay lea),jeal

Using (I1.26), we can replace in (C.10) 2 by the canonical basis vectors by, by, bs of R®. Since > Fs3(bk,y) =0,
it follows that the third order term also vanishes. For the fourth order term, we get

<¢oz(h) 7F4(£;y) ¢a(h)> : |I|74a (012)
where the function Fy satisfies
Fy(Z,y1, —y2) = —Fu(Z, 91, 42), Y= (y1,92),

since it is homogeneous of degree 3 in y. By Hypothesis 2 the eigenvalue E, > is simple and ¢, 2 is invariant
under the reflection y3 — —yo. Thus the fourth order term is zero, and a standard application of Taylor’s
theorem (C.8) shows that the remainder of the expansion is O(|z|~®), uniformly w.r.t. h. O
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