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1 Introduction.

Motivated by the Density Functional Theory (DFT) (cf. [E, LiSe]), we aim, as in [JN],
to study the regulartity of some specific object that is associated by the DFT to an
electronic bound state of a molecular, Coulombic Hamiltonian with fixed nuclei and N
electrons (with N > 1). In the past, many results proved the real analyticity on large
domains of the electronic (reduced) density matrices, that are associated to such a bound
state: see [FHHS1, FHHS2, HS1, J1, J2]. Are these results optimal? More precisely, is
the real analyticity of these matrices valid on a larger domain? We refer to [J2] for a
review on the proofs of the real analyticity of these matrices and to [JN] for a review of
results on their optimality and of strategies to treat it.
In [JN], for the (N − 1)-particle reduced density matrix (defined in (1.3)) (actually, the
conjugate was considered but this does not affect the results), it was proven that the real
analyticity breaks down near some points of the boundary of the domain on which its real
analyticity is known. It was even shown that the (N − 1)-particle reduced density matrix
cannot be smooth near such points and one has some information on its regularity there.
In the present paper, we improve the results in [JN] in two directions: we enlarge the
set of points where the non-smoothness of the (N − 1)-particle reduced density matrix is
proven and, more importantly, we determine its regularity (in the sense defined below)
near those points. In particular, we address the problem of a “fifth order cusp” for the
(N − 1)-particle reduced density matrix, that appears in the literature in Chemistry (cf.
[C1, C2]). See also [He].
We point out that the lack of smoothness of density matrices is studied with another point
of view in [HS2, So1, So2].
As in [JN] and for the same reason, our method allows us to treat the (N − 1)-particle
reduced density matrix only. We believe that the extension of the present results to other
reduced density matrices or reduced densities is a quite involved task.

Let us first present our framework. We consider a molecule with N moving electrons, with
N > 1, and L fixed nuclei, with L ≥ 1 (according to Born-Oppenheimer idealization). The
L distinct vectors R1, · · · , RL ∈ R3 represent the positions of the nuclei. The positions
of the electrons are given by x1, · · · , xN ∈ R3. The charges of the nuclei are respectively
given by the positive Z1, · · · , ZL and the electronic charge is set to −1. The Hamiltonian
of the electronic system is

H :=
N∑
j=1

(
−∆xj

−
L∑

k=1

Zk|xj −Rk|−1
)
+

∑
1≤j<j′≤N

|xj − xj′ |−1 + E0 , (1.1)

where E0 :=
∑

1≤k<k′≤L

ZkZk′ |Rk −Rk′|−1

and −∆xj
stands for the Laplacian in the variable xj. Here we denote by | · | the euclidian

norm on R3. Setting ∆ :=
∑N

j=1∆xj
, we define the potential V of the system as the

multiplication operator satisfying H = −∆ + V . It is well-known that the Hamiltonian
H is a self-adjoint operator on the Sobolev space W2,2(R3N). Let us now fix an electronic
bound state ψ ∈ W2,2(R3N) \ {0} such that, for some real E, Hψ = Eψ (there does exist
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such a state, see [FH, Si, Z]).
Associated to that bound state ψ, we consider the following notions of electronic density
(see [E, Le, LiSe, LSc]). Let k be an integer such that 0 < k < N . Let ρk : (R3)k → R be
the almost everywhere defined, L1(R3k)-function given by, for x = (x1; · · · ;xk) ∈ R3k,

ρk(x) =

∫
R3(N−k)

∣∣ψ(x; y)∣∣2 dy . (1.2)

It is called the k-particle reduced density.
Define also γk : (R3)2k → C as the almost everywhere defined, complex-valued function
given by, for x = (x1; · · · ;xk) ∈ R3k and x′ = (x′1; · · · ;x′k) ∈ R3k,

γk(x;x
′) =

∫
R3(N−k)

ψ(x; y)ψ(x′; y) dy . (1.3)

It is called the k-particle reduced density matrix.
Thanks to Kato’s important contribution in [K], we know that the bound state ψ is in fact
a continuous function. Therefore, the above densities ρk and γk are actually everywhere
defined and continuous, and satisfy ρk(x) = γk(x;x), everywhere.
We need to introduce the following subsets of R3k. Denoting for a positive integer p by
[[1; p]] the set of the integers j satisfying 1 ≤ j ≤ p, the closed set

Ck :=
{
x = (x1; · · · ;xk) ∈ R3k ; ∃(j; j′) ∈ [[1; k]]2 ; j ̸= j′ and xj = xj′

}
(1.4)

gathers all possible collisions between the first k electrons. We describe such collisions as
“internal electronic collisions”. The closed set

Rk :=
{
x = (x1; · · · ;xk) ∈ R3k ; ∃j ∈ [[1; k]] ,∃ℓ ∈ [[1;L]] ; xj = Rℓ

}
(1.5)

groups together all possible collisions of these k electrons with the nuclei. We set

U (1)
k := R3k \

(
Ck ∪Rk

)
, (1.6)

which is an open subset of R3k.
The set of all possible collisions between particles is then CN ∪ RN and the potential V
is real analytic precisely on R3N \ (CN ∪ RN). Classical elliptic regularity applied to the
equation Hψ = Eψ shows that ψ is also real analytic on R3N \ (CN ∪RN) (cf. [Hö1]). A
better regularity for ψ is not expected (and false in some cases), therefore such a regularity
for ρk and γk is not clear. It is however granted on some appropriate region.
We also need to consider two sets of positions for the first k electrons and introduce the
set of all possible collisions between positions of differents sets, namely

C(2)
k :=


(x;x′) ∈ (R3k)2 ; x = (x1; · · · ;xk) , x′ = (x′1; · · · ;x′k) ,

∃(j; j′) ∈ [[1; k]]2 ; xj = x′j′

 . (1.7)

A point (x;x′) ∈ (R3k)2 with k ≥ 2 such that x1 = x2 = x′1 does belong to C(2)
k . Such a

point “contains” an internal electronic collision, namely x1 = x2. For any 0 < k < N , we
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say that a point (x;x′) ∈ C(2)
k represents an (several) “external electronic collision(s)” if no

internal electronic collision occur in x nor in x′. Therefore, the set of so called “external

electronic collisions” is given by (U (1)
k × U (1)

k

)
∩ C(2)

k .
We introduce the open subset of (R3k)2 defined by

U (2)
k :=

(
U (1)
k × U (1)

k

)
\ C(2)

k .

The above mentioned, known regularity results may be summed up in the following way:
for any 0 < k < N , the k-particle reduced density ρk is real analytic on U (1)

k and the

k-particle reduced density matrix γk is real analytic on U (2)
k = (U (1)

k × U (1)
k ) \ C(2)

k (see
[FHHS1, FHHS2, HS1, J1, J2]). Note that, for each k, the smoothness of ρk implies the

smoothness of the map U (1)
k ∋ x 7→ γk(x;x).

Now, we focus on the matrix γk for k = N − 1 and want to determine its regularity near
a point

(x̂; x̂′) ∈
(
U (1)
N−1 × U (1)

N−1

)
∩ C(2)

N−1 ,

that represents an (several) external electronic collision(s). What do we precisely mean by
’regularity’? We use the usual class of (integer) regularity Cp with p ∈ N (see Section 2).
We do not consider Hölder spaces. For a positive integer d, we define the regularity
of a continuous map f : Rd −→ C near a point x0 ∈ Rd by the integer p if, on some
neighbourhood U of x0, the function is in the class Cp but, for all neighbourhood V of x0
such that V ⊂ U , f does not belong to the class Cp+1 on V .
Let us take a point

(x̂; x̂′) = (x̂1; · · · ; x̂N−1; x̂
′
1; · · · ; x̂′N−1) ∈

(
U (1)
N−1 × U (1)

N−1

)
∩ C(2)

N−1 .

Our study crucially relies on a special decomposition of the bound state ψ near a two-
particle collision that was obtained in [FHHS3]. We use such a decomposition near a
nucleus-electron collision as well as near an electron-electron collision. This allows us to
split the matrix γN−1, on a vicinity V of the point (x̂; x̂′), up to some additive smooth
contribution, into an appropriate, finite sum of integrals on regions Y of R3 such that, on
a neighbourhood of x̂ times Y and on a neighbourhood of x̂′ times Y , the bound state
ψ may be decomposed as in [FHHS3]. Let us describe this result, that was obtained in
Proposition 3.6 in [JN], in more precise terms (see Proposition 3.6 below for details).
The set of collisions of (x̂; x̂′) is given by

G :=
{
(j; j′) ∈ [[1; N − 1]]2 ; x̂j = x̂′j′

}
.

Each collision is an external one since x̂ ∈ U (1)
N−1 and x̂′ ∈ U (1)

N−1. Let D be the subset of
[[1; N − 1]] built of those j such that there exists j′ with (j; j′) ∈ G. For j ∈ D, there is
a unique integer k ∈ [[1; N − 1]] such that x̂j = x̂′k and this k is denoted by c(j). This
defines a map c : D −→ [[1; N − 1]] and

G :=
{
(j; c(j)) ∈ [[1; N − 1]]2 ; j ∈ D

}
.

For (x;x′) = (x1; · · · ;xN−1; x
′
1; · · · ;x′N−1) in some vicinity V of (x̂; x̂′), we can write

γN−1(x;x
′) =

∑
j∈D

γ
(j)
N−1(x;x

′) + s(x;x′) , (1.8)
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where s is some smooth function and where, for j ∈ D,

γ
(j)
N−1(x;x

′) :=

∫
Yj

ψ(x; y)ψ(x′; y) dy (1.9)

over some bounded region Yj of R3. For each j ∈ D, on Yj, there is an electron-electron
collision at y = x̂j for the first state ψ in (1.9), there is an electron-electron collision at
y = x̂′c(j) = x̂j for the second state ψ in (1.9), and both states ψ can be decomposed as in
[FHHS3].
Since the special state decomposition in [FHHS3] is known at two-particle collisions only,
one has to ensure that the two copies of the state ψ in the integral defining γk (cf. (1.3))
only “see” two-particle collisions. This forces k = N − 1 and requires that x̂ and x̂′ do not
contain internal electronic collision (see Remark 3.7 in [JN] for details).
In [JN] (Section 3), supplementary information on the special state decomposition was
given. This information is of great importance for the study of the regularity in [JN] and
also here. For the collision between the variable xj (resp. x

′
c(j)) and the last variable xN

at x̂j (resp. x̂′c(j)), it is described by some nonnegative integer nj (resp. n′
c(j)), that we

call the relevant valuation of this collision (see Definition 3.2 and just before Lemma 4.1
for details).
Using the Fourier transform, we shall be able, for each j ∈ D, to determine the regularity
of γ

(j)
N−1 near (x̂; x̂

′) in terms of nj and n
′
c(j). Then, we obtain the regularity of γN−1 from

(1.8). The Fourier transform was already the main tool in the analysis in [JN]. Here we
actually refine this analysis by an appropriate use of the inverse Fourier transform. This
leads to

Theorem 1.1. Consider a bound state ψ of the N-electron, molecular Hamiltonian (1.1)
(with N > 1) and the associated (N−1)-particle reduced density matrix γN−1. Let (x̂; x̂

′) ∈(
U (1)
N−1 × U (1)

N−1

)
∩ C(2)

N−1. Let

p = min
{
nj + n′

c(j); j ∈ D
}
. (1.10)

There exist a neighbourhood N of x̂, a neighbourhood N ′ of x̂′, a function S : N ×N ′ −→
C that belongs to C5+p, and, for j ∈ D, for all α ∈ N3 with |α| = nj, for all α′ ∈ N3 with
|α′| = n′

c(j), real analytic functions φα;j, defined near x̂, real analytic functions φ′
α′;c(j),

defined near x̂′, such that, for (x;x′) ∈ N ×N ′,

γN−1(x;x
′) =

∑
j∈D

Tj(x;x
′) + S(x;x′) , (1.11)

where, writing x = (xj;xj) and x
′ = (x′c(j);x

′
c(j)),

Tj(x;x
′) (1.12)

=
−16π(

6 + 2nj + 2n′
c(j)

)
!

∑
|α|=nj

|α′|=n′
c(j)

φα;j

(
(xj + x′c(j))/2;xj

)
φ′

α′;c(j)

(
(xj + x′c(j))/2;x

′
c(j)

)

×
(
Pα(−∂x)Pα′(∂x) |x|5+2nj+2n′

k

)
|x=xj−x′

c(j)

,
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where, for β ∈ N3, the functions Pβ are some universal homogeneous polynomials of degree
|β|. In particular, the regularity of each Tj near (x̂; x̂′) is precisely 4 + nj + n′

c(j) and the

regularity of γN−1 near (x̂; x̂′) is exactly 4 + p.
Moreover, for all j ∈ D, the real analytic functions φα;j can be extracted from the special
decomposition of the state ψ near the two-particle collision at (x̂; x̂j) and the real analytic
functions φ′

α;c(j) can be extracted from the special decomposition of the state ψ near the

two-particle collision at (x̂′; x̂′c(j)) with x̂
′
c(j) = x̂j.

Remark 1.2. Several comments on this result can be made.

1. The functions φα;j (resp. φ′
α′;c(j)) come from the special state decomposition of

[FHHS3] for the electron-electron collision of the variables xj (resp. x′c(j)) and xN
at x̂j. See [FHHS3], Proposition 3.1, Remark 3.3, and the formulae (4.4) and (4.5).

2. The family Pβ for β ∈ N3 is related to the iterated derivatives of the function R3 \
{0} ∋ ξ 7→ |ξ|−4. See (4.9) for details.

3. Each term Tj is actually smooth w.r.t. the variables xj and x′c(j). The limitation of

its regularity comes from the last factor and takes place on the collision set {(x;x′) ∈
N ×N ′;xj = x′c(j)}. Outside this set, Tj is smooth w.r.t. all variables. To find the
regularity of Tj, we make use Lemma 3.4 in [JN] (see Lemma 3.4 in the present
text).

4. The term Tj describes the behaviour of the γ
(j)
N−1 (cf. (1.9)) that “contains” a collision

of the variables xj and xN for the first copy of ψ and a collision of variables x′c(j)
and xN for the second copy. While the regularity of Tj is 4+nj+n

′
c(j), it was shown

in [JN] (cf. Proposition 3.3) that the regularity of the first copy (resp. the second
copy) near the collision is nj (resp. n′

c(j)).

5. The lack of smoothness of the density matrix γN−1 in N ×N ′ takes place on{
(x;x′) ∈ N ×N ′; ∃ j ∈ D ; xj = x′c(j)

}
⊂ C(2)

N−1 .

6. Lower and upper bounds on the regularity of the density matrix γN−1 was provided
in [JN] (cf. Proposition 5.1 and the proof of Theorem 1.2), only in the case x̂ = x̂′.

7. If p = 0 then the density matrix γN−1 has a “fifth order cusp” at (x̂; x̂′). Indeed, the
lack of smoothness of the density matrix γN−1 there is due to terms containing a
factor |xj − x′c(j)|5. In the case N = 2, independently of the value of p, our result is

consistent with the result obtained in [He] and improves it.

8. If we consider a bosonic (resp. fermionic) bounded state ψ, it turns out that all nj

and n′
c(j) are even (resp. odd) by Proposition 3.5.

9. In the fermionic case, the density matrix γN−1 belongs to the class C6 near (x̂; x̂′).
In the comparison with the results in [C1, C2] when N = 2, one should be careful,
since we discard spin here.
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10. We point out that our proof of Theorem 1.1 relies on rather elementary arguments.
It actually gives a more precise result. For any integer m > 4+ p, there exists some
function Sm and, for all j ∈ D, “explicit” functions Tj;m such that (1.11) holds true
with S replaced by Sm and each Tj by Tj;m. Each Tj;m is related to the special state
decompositions mentioned in 1. See (4.27).

As a consequence of Theorem 1.1, we now give a result on the operator Γ with kernel
γN−1, viewed as bounded operator from L2(R3(N−1)) to L2(R3(N−1)). Since Theorem 1.1

provides local information near a point (x̂; x̂′) ∈
(
U (1)
N−1×U (1)

N−1

)
∩C(2)

N−1, our second result
concerns a “localisation” of Γ. For appropriate cut-off functions χ and χ′, that localise
near x̂ and x̂′ respectively, we consider χΓχ′, that is the composition of the multiplication
by χ′, the action of Γ, and the multiplication by χ. Our second result states that there
exists a unitary transformation U on L2(R3(N−1)) such that χΓχ′U is a pseudodifferential
operator, the symbol of which belongs to a classical class of smooth symbols (see [Hö3],
p. 65). This was shown in [JN] (cf. Proposition 4.10 and Section 5.2) only in the case
x̂ = x̂′ (U being the identity) and the present result is more precise, as far as the symbol
class is concerned. Thanks to the structure of U , we can even show that χΓχ′ acts on
“bosons” (resp. “fermions”) as a pseudodifferential operator with smooth symbol. We refer
to Section 5, Proposition 5.1, and Remark 5.2 for details.

As already pointed out, our results rest on the special decomposition of the bound state
ψ at two-particle collisions, that was derived in [FHHS3]. If one can extend this decom-
position to other collisions, preserving its “analytic” structure, one can reasonably hope
to use the arguments of the present paper to get a precise information on the regularity
of all the densities ρk and all the density matrices γk at collisions.

The paper is organized as follows: In Section 2, we introduce some notation and recall
well-known facts on electronic bound states. In Section 3, we recall known results on
two-particle collisions, in particular the special decomposition from [FHHS3], and focus
on two-electron collisions. We also recall the decomposition (1.8) for the matrix γN−1,
that was obtained in [JN]. Section 4 is devoted to the Fourier analysis of appropriate
localisations of γN−1 leading to our proof of Theorem 1.1. In Section 5, we extract from
appropriate localisations of Γ a smooth pseudodifferential structure. We provide technical
results and proofs in an Appendix at the end of the paper.

Acknowledgments: The author warmly thanks Sébastien Breteaux, Jérémy Faupin, and
Victor Nistor, for fruitful discussions and advice.

2 Notation and well-known facts.

We start with a general notation. We denote by R the field of real numbers and by C the
field of complex numbers.
Let d be a positive integer. For u ∈ Rd, we write |u| for the euclidian norm of u and
we denote by “·” the corresponding scalar product. Given such a vector u ∈ Rd and a
nonnegative real number r, we denote by B(u; r[ (resp. B(u; r]) the open (resp. closed)
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ball of radius r and centre u, for the euclidian norm | · | in Rd.
In the one dimensional case, we use the following convention for (possibly empty) in-
tervals: for (a; b) ∈ R2, let [a; b] = {t ∈ R; a ≤ t ≤ b}, [a; b[= {t ∈ R; a ≤ t < b},
]a; b] = {t ∈ R; a < t ≤ b}, and ]a; b[= {t ∈ R; a < t < b}.
We denote by N the set of nonnegative integers and set N∗ = N \ {0}. If p ≤ q are
non negative integers, we set [[p; q]] := [p; q] ∩ N, [[p; q[[ = [p; q[∩N, ]]p; q[[ =]p; q[∩N, and
]]p; q]] :=]p; q] ∩ N.
Given an open subset O of Rd and n ∈ N, we denote by W n,2(O) the standard Sobolev
space of those L2-functions on O such that, for n′ ∈ [[0;n]], their distributional partial
derivatives of order n′ belong to L2(O). In particular, W 0,2(O) = L2(O). Without ref-
erence to O, we denote by ∥ · ∥ (resp. ⟨·, ·⟩) the L2-norm (resp. the right linear scalar
product) on L2(O).
On Rd, we use a standard notation for partial derivatives. For j ∈ [[1; d]], we denote by
∂j or ∂xj the j’th first partial derivative operator. For α ∈ Nd and x ∈ Rd, we set Dα

x :=
(−i∂x)α := (−i∂x1)α1 · · · (−i∂xd)αd , Dx = −i∇x, x

α := xα1
1 · · · xαd

d , |α| := α1 + · · · + αd,
α! := (α1!) · · · (αd!), |x|2 = x21 + · · · + x2d, and ⟨x⟩ := (1 + |x|2)1/2. Given (α; β) ∈ (Nd)2,
we write α ≤ β if, for all j ∈ [[1; d]], αj ≤ βj. In that case, we define the multiindex
β − α := (βj − αj)j∈[[1;d]] ∈ Nd.
We choose the same notation for the length |α| of a multiindex α ∈ Nd and for the eu-
clidian norm |x| of a vector x ∈ Rd but the context should avoid any confusion.
For k ∈ N ∪ {∞}, we denote by Ck(O) the vector space of functions from O to C which
have continuous derivatives up to order k and by Ck

c (O) the intersection of Ck(O) with
the set of functions with compact support in O. If a function f satisfies f ∈ Ck(O) with
k ∈ N∪{∞}, we often write for this that the function f belongs to the class Ck on O. In
the case k = ∞, we also write that f is smooth on O if f ∈ C∞(O).
Let x0 ∈ O. For all α ∈ Nd, let aα ∈ C and fx0;α : O −→ C be defined by fx0;α(x) =
aα(x − x0)

α. The associated power series
∑

α∈Nd fx0;α is the sequence of functions on O
of the form  ∑

α∈Nd, |α|≤N

fx0;α


N∈N

.

Let U be the set of the x ∈ Rd such that the previous sequence at x converges in C. The
set U contains at least x0. The sum of this power series is the map φ : U −→ C defined

∀ x ∈ U , φ(x) = lim
N→∞

∑
α∈Nd, |α|≤N

fx0;α(x) = lim
N→∞

∑
α∈Nd, |α|≤N

aα(x− x0)
α .

A function f : O → C is real analytic if, for any x0 ∈ O, there exists some neighbourhood
U of x0 such that f coincides on U with the sum of some power series

∑
α∈Nd fx0;α. Real

analytic functions on O are smooth on O. We say that a real analytic function f is zero if
it is the zero map on its domain of definition (i.e. if it is identically zero) and write f = 0
in this case. If this is not the case, we write f ̸= 0. We refer to [Ca, Hö4] for details on
the (real) analyticity w.r.t. several variables.
We shall frequently use standard “continuity and partial derivation under the integral
sign”. See [D, M] for details.
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Integration by parts in integrals will be used and often combined with identities of the
following types:

∀(x; ξ) ∈ Rd ×
(
Rd \ {0}

)
, − i

ξ

|ξ|2
· ∇x e

i ξ·x = ei ξ·x (2.1)

and
∀(x; ξ) ∈ Rd × Rd , ⟨ξ⟩−2

(
1 + (1/i) ξ · ∇x

)
eiξ·x = eiξ·x . (2.2)

We shall make use of the usual Fourier transform on Rd. Given an integrable function
g : Rd −→ C, its Fourier transform is the continuous, bounded map Fg : Rd −→ C defined
by

∀ ξ ∈ Rd , Fg(ξ) =

∫
Rd

e−i ξ·x g(x) dx (2.3)

while its inverse Fourier transform is the continuous, bounded map F i
g : Rd −→ C defined

by

∀ ξ ∈ Rd , F i
g(ξ) = (2π)−d

∫
Rd

ei ξ·x g(x) dx . (2.4)

If Fg is integrable then g is continuous and is given by the inverse Fourier transform of
Fg, that is

∀x ∈ Rd , g(x) = (2π)−d

∫
Rd

ei ξ·x Fg(ξ) dξ . (2.5)

We shall use the following elementary lemma, that is a slightly modified version of Lemma
4.4 in [JN].

Lemma 2.1. Let d ∈ N∗ and k ∈ N. Let g : Rd −→ C be an integrable function. We
denote by Fg its Fourier transform. Given a real r, we denote by E(r) the integer part of
r, that is the biggest integer less or equal to r.

1. If the function g : Rd −→ C belongs to the class Ck and is compactly supported then
Fg is smooth and there exists C > 0 such that, for all ξ ∈ Rd with |ξ| ≥ 1,∣∣Fg(ξ)

∣∣ ≤ C |ξ|−k .

2. Assume that the function Fg : Rd −→ C belongs to the class C0 and satisfies, for
some real r > E(r) ≥ 0 and some C > 0, for all ξ ∈ Rd with |ξ| ≥ 1,∣∣Fg(ξ)

∣∣ ≤ C |ξ|−r−d .

Then the function g : Rd −→ C belongs to the class CE(r).

We shall also exploit another elementary, but important lemma, namely

Lemma 2.2. [JN] (Lemma 4.5). Let q ∈ N and f : R3 ∋ x 7→ |x|2q+1 · τ
(
|x|
)
where

τ ∈ C∞
c (R) such that τ = 1 near 0. Then, its Fourier transform Ff is a real analytic,

bounded function on R3, which is given, for ξ ̸= 0, by

Ff (ξ) =
4π

|ξ|

∫ +∞

0

τ(r) r2q+2 sin(r|ξ|) dr . (2.6)
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It has the following behaviour at infinity:

∀α ∈ N3 , ∃Cα > 0 ; ∀ ξ ∈ R3 \ {0} ,
∣∣∂αFf (ξ)

∣∣ ≤ Cα |ξ|−4−2q−|α| . (2.7)

Furthermore, there exists a smooth function G : R3 \ {0} −→ R such that, for ξ ̸= 0,

Ff (ξ) = 4π(−1)q+1
(
(2q + 2)!

)
|ξ|−4−2q + G(ξ)

and such that, for all k ∈ [[4 + 2q + 1;+∞[[ and α ∈ N3,

∃Ck;α > 0 ; ∀ ξ ∈ R3 \ {0} ,
∣∣∂αG(ξ)∣∣ ≤ Ck;α |ξ|−k−|α| . (2.8)

Proof: The case q = 0 was stated and proved in [JN]. The proof there actually extends
to the general case. By Theorem 7.1.14 in [Hö2], Ff is real analytic.

Thanks to Hardy’s inequality

∃ c > 0 ; ∀ f ∈ W1,2(R3) ,

∫
R3

|t|−2 |f(t)|2 dt ≤ c

∫
R3

|∇f(t)|2 dt ,

one can show that V is ∆-bounded with relative bound 0. Therefore the Hamiltonian H
is self-adjoint on the domain of the Laplacian ∆, namely W2,2(R3N) (see Kato’s theorem
in [RS2], p. 166-167). We point out (cf. [Si, Z]) that a bound state ψ exists at least for
appropriate E ≤ E0 (cf. [FH]) and for N < 1 + 2

∑L
k=1 Zk. A priori, it belongs to the

Sobolev space W2,2(R3N), a space that contains non-continuous functions. But, as shown
in [K], ψ is actually continuous. Since the integrand in (1.2) (resp. in (1.3)) is integrable
and continuous, a standard result on the continuity of integrals depending on parameters
shows that ρk (resp. γk) is everywhere defined and continuous.
Finally we recall further, well-know properties of a bound state of H (see Section 2 in
[JN] for details).

Proposition 2.3. Recall that CN (resp. RN) is defined in (1.4) (resp. (1.5)). The bound
state ψ is a continuous function that also belongs to the Sobolev space W2,2(R3N). On the
open set R3N \(CN∪RN), ψ is a real analytic function. Take a subset E of R3N \(CN∪RN)
such that its distance to the collisions set CN ∪RN is positive. Then any partial derivative
of ψ belongs to L2(E). For any non-empty open set O of R3N , the bound state ψ does not
vanish identically on O.

3 Two-electron collisions.

In this section, we recall several results, that were obtained in [JN] and are based on the
special state decomposition at a two-particle collision from [FHHS3]. We first focus on
two-particle collisions of electrons and introduce the notion of relevant valuation associated
to the collision. Then we present the decomposition (1.8) of γN−1 in details. We use basic
notions of real analytic functions of several variables (see [Hö4]).
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Proposition 3.1. [JN] (Proposition 3.3).
The set RN being defined in (1.5), we consider a point ẑ = (ẑ1; · · · ; ẑN) ∈ R3N \RN such
that there exists an unique (j; k) ∈ [[1; N ]]2 such that ẑj = ẑk and j ̸= k. According to
(1.4), ẑ ∈ CN and a two-electron collision occurs at ẑ. Then there exists a neighbourhood
Ω of ẑ in R3N and two sums of power series φ̃1 and φ̃2 on Ω such that, setting z =
(z1; · · · ; zN) ∈ R3N ,

∀z ∈ Ω , ψ(z) = φ̃1(z) + (1/2) |zj − zk| φ̃2(z) . (3.1)

Furthermore, the function φ̃2 is not zero. Both functions φ̃1 and φ̃2 are uniquely deter-
mined by ψ and the two-electron collision ẑ.

In this situation, the nonzero function φ̃2 may vanish on the collision set {z ∈ Ω; zj = zk}.
If it does, it will be important to describe how it vanishes. For instance, is it like |zj − zk|
or like |zj − zk|3? To this end, we use the notion of relevant valuation at the two-electron
collision ẑ, that was introduced in Definition 3.2 in [JN].
Given a nonzero, real analytic function φ in several variables z = (z1; · · · ; zN) ∈ R3N , it
may be written, near any point ẑ = (ẑ1; · · · ; ẑN) of its domain of analyticity, as the sum
of a power series in the variables ((z1 − ẑ1); · · · ; (zN − ẑN)). For j ∈ [[1; N ]], this sum
may be rearranged in the following form

φ(z) =
∑
α∈N3

φα

(
(zk)k ̸=j

)
(zj − ẑj)

α , (3.2)

for sums φα of appropriate power series in the variables zk with k ̸= j. Since the function
φ is nonzero, so is at least one function φα. This means that the set {|α|; α ∈ N3, φα ̸= 0}
is a non empty subset of N. By definition, the valuation of φ in the variable zj at ẑ is the
minimum of this set. When φ is zero, we decide to set its valuation in the variable zj at
ẑ to −∞.

Definition 3.2. Let ẑ = (ẑ1; · · · ; ẑN) ∈ CN \RN as in Proposition 3.1. We introduce new
variables by setting, on Ω, zℓ = zℓ, if ℓ ̸∈ {j; k}, zj = (zj − zk)/2, and zk = (zj + zk)/2.
Replacing each zj by ẑj, we similarly define the ẑℓ from ẑℓ and set ẑ = (ẑ1; · · · ; ẑN). The
sum of a power series φ̃2 on Ω may be rewritten as z 7→ φ2(z), for z = (z

1
; · · · ; z

N
) in

some neighbourhood of ẑ and for some sum of a power series φ2 near ẑ. In that case, we
define the relevant valuation of the two-electron collision at ẑ as the valuation of φ2 in
the variable zj at ẑ.

Remark 3.3. Under the assumptions of Proposition 3.1, we can use the new variables,
introduced in Definition 3.2, to rewrite (3.1) as

∀z ∈ Ω , ψ(z) = φ1

(
z
)
+ |zj| φ2

(
z
)

(3.3)

where, if j < k,

ψ(z) = ψ
(
z1; · · · ; zj−1; zk + zj ; zj+1; · · · ; zk−1; zk − zj ; zk+1; · · · ; zN

)
and where φ1 and φ2 are sums of a power series. We observe that, when z runs in Ω, the
variables (zk)ℓ̸∈{j;k} runs in some neighbourhood of (ẑk)ℓ ̸∈{j;k}, while the variable zj runs
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in some neighbourhood of 0 and the variable zk runs in some neighbourhood of ẑj = ẑk.
For simplicity, we set, for z ∈ Ω and j < k,(

zj; zk; Zj;k

)
:=

(
z1; · · · ; zj−1; zj ; zj+1; · · · ; zk−1; zk ; zk+1; · · · ; zN

)
where Zj;k = (zℓ)ℓ̸∈{j;k}.

In the framework of Proposition 3.1, it was proved in [JN] (cf. Proposition 3.3) that, if
n denotes the relevant valuation of the two-electron collision, then the regularity (in the
above sense) of the bound state ψ near this collision is exactly n. This was derived from
the following result, that we shall use here also.

Lemma 3.4. [JN](Lemma 3.4).
Let W be a bounded neighbourhood of 0 in R3 and φ : W −→ C be a nonzero real analytic
function with valuation q ∈ N (w.r.t. its 3-dimensional variable in the above sense). Then
the function Nφ : W ∋ x 7→ |x|φ(x) ∈ C belongs to the class Cq but does not belong to the
class Cq+1. Furthermore, any partial derivative of order q + 1 of Nφ is well-defined away
from zero and bounded.

It was claimed without proof in [JN] (cf. Remark 3.5) that, if the state ψ is bosonic (resp.
fermionic) then so are the functions φ̃1 and φ̃2 appearing in Proposition 3.1 and therefore
the relevant valuation of the two-electron collision is even (resp. odd). We now prove
this.
Recall that the bound state ψ is bosonic if it is invariant under any exchange of two
electronic coordinates, that is, for the exchange of zj and zk,

ψ
(
z1; · · · ; zj−1; zk ; zj+1; · · · ; zk−1; zj ; zk+1; · · · ; zN

)
= ψ

(
z1; · · · ; zj−1; zj ; zj+1; · · · ; zk−1; zk ; zk+1; · · · ; zN

)
, (3.4)

for all (z1; · · · ; zN) ∈ (R3)N . It is fermionic if any exchange of two electronic coordinates
changes its sign, that is, for the exchange of zj and zk,

ψ
(
z1; · · · ; zj−1; zk ; zj+1; · · · ; zk−1; zj ; zk+1; · · · ; zN

)
= −ψ

(
z1; · · · ; zj−1; zj ; zj+1; · · · ; zk−1; zk ; zk+1; · · · ; zN

)
, (3.5)

for all (z1; · · · ; zN) ∈ (R3)N (cf. [RS1] p. 53-54 or [LiSe] p. 35).

Proposition 3.5. In the framework of Proposition 3.1, we consider a bound state ψ that
is bosonic (resp. fermionic). Then, on an appropriate vicinity of ẑ, that is included in
Ω, (3.4) (resp. (3.5)) holds true with ψ replaced by φ̃1 and also with ψ replaced by φ̃2. In
particular, the relevant valuation of the two-electron collision at ẑ is even (resp. odd).

Proof: Let r > 0 and, for ℓ ∈ [[1;N ]], let Vℓ be the ball of radius r and centre ẑℓ, such that
the cartesian product C := V1 × · · · × VN is included in Ω. The set C is invariant under
the exchange of the coordinates zj and zk. By assumption, we have, for some ϵ ∈ {−1; 1},
for all z ∈ C,

ψ
(
zk; zj; Zj;k

)
:= ϵ ψ

(
zj; zk; Zj;k

)
, (3.6)
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where ϵ = 1, if ψ is bosonic and, ϵ = −1, if ψ is fermionic. By (3.1), we get, for z ∈ C,

f
(
zk; zj; Zj;k

)
=

|zj − zk|
2

g
(
zk; zj; Zj;k

)
(3.7)

where f
(
zk; zj; Zj;k

)
:= φ̃1

(
zk; zj; Zj;k

)
− ϵ φ̃1

(
zj; zk; Zj;k

)
and g

(
zk; zj; Zj;k

)
:= ϵ φ̃2

(
zj; zk; Zj;k

)
− φ̃2

(
zk; zj; Zj;k

)
.

For fixed zk and fixed Zj;k, the map x 7→ f(zk + x; zk;Zj;k) is smooth. By (3.7) and
Lemma 3.4, the real analytic map x 7→ g(zk + x; zk;Zj;k) must be zero. Since this holds
true for all zk and all Zj;k, f and g are zero. This shows that φ̃1 and φ̃2 satisfy (3.4) (resp.
(3.5)) if ϵ = 1 (resp. ϵ = −1).
Now we use the change of variables of Remark 3.3 and the symmetry of φ̃2. For z in an

appropriate neighbourhood of (0; ẑk; Ẑj;k),

φ2

(
−zj; zk;Zj;k

)
= ϵ φ2

(
zj; zk;Zj;k

)
.

Using the expansion (3.2) for φ = φ2, we obtain

0 =
∑
α∈N3

(
(−1)|α| − ϵ

)
φα

(
(zℓ)ℓ̸=j

)
zαj .

Thus all the φα for odd |α| are zero if ϵ = 1 and all the φα for even |α| are zero if ϵ = −1.
Therefore the relevant valuation, that is the valuation of φ2 in the variable zj at ẑ, is even
if ϵ = 1 and odd if ϵ = −1.

Making use of the special state decompositions in [FHHS3] at a nucleus-electron collision
and at an electron-electron collision, the decomposition (1.8) was derived in Proposition
3.6 in [JN]. We need some notation.

Recall that we introduced the set U (1)
N−1 in (1.6) and the set C(2)

N−1 in (1.7). Let us take

(x̂; x̂′) ∈ (U (1)
N−1×U (1)

N−1) ∩ C(2)
N−1. As vectors in R3(N−1), we write x̂ = (x̂1; · · · ; x̂N−1) and

x̂′ = (x̂′1; · · · ; x̂′N−1). The set of collisions is

G =
{
(j; j′) ∈ [[1; N − 1]]2 ; x̂j = x̂′j′

}
.

Since (x̂; x̂′) ∈ C(2)
N−1, G is not empty. Since x̂ ∈ U (1)

N−1 and x̂
′ ∈ U (1)

N−1, G is the graph of an
injective map c : D −→ [[1; N − 1]] with the domain of definition

D :=
{
j ∈ [[1; N − 1]] ; ∃ j′ ∈ [[1; N − 1]] ; (j; j′) ∈ G

}
̸= ∅ .

Using [FHHS3] and Proposition 2.3, we have

Proposition 3.6. [JN] (Proposition 3.6).

Let (x̂; x̂′) ∈ (U (1)
N−1 × U (1)

N−1) ∩ C(2)
N−1. Then there exist an open neighbourhood V of x̂, an

open neighbourhood V ′ of x̂′, a smooth function s : V × V ′ −→ C, and, for j ∈ D, an
open neighbourhood Wj of x̂j, a function χ̃j ∈ C∞

c (R3;R), and two sums of power series
φ̃j : V ×Wj −→ C and φ̃′

c(j) : V ′ ×Wj −→ C, such that χ̃j = 1 near x̂j = x̂′c(j) and the
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support of χ̃j is included in Wj, and such that, for all (x;x′) ∈ (V ×V ′), (1.8) holds true,
namely

γN−1(x;x
′) = s(x;x′) +

∑
j∈D

γ
(j)
N−1(x;x

′) ,

where

γ
(j)
N−1(x; x

′) =

∫
R3

|xj − y| φ̃j(x; y) |x′c(j) − y| φ̃′
c(j)(x

′; y) χ̃j(y) dy , (3.8)

for j ∈ D. For such j, the function φ̃j is precisely the function φ̃2 in formula (3.1) near
(x̂; x̂j) and the function φ̃′

c(j) is precisely the function φ̃2 in formula (3.1) near (x̂′; x̂j).

Furthermore, one may require that, for (j; ℓ) ∈ D2 with j ̸= ℓ, Wj ∩ Wℓ = ∅, and that,
for j ∈ D, Wj is included in the range of the map V ∋ x 7→ xj and also included in the
range of the map V ′ ∋ x′ 7→ x′c(j).

4 Fourier transform of localisations of the density matrix.

In order to find the regularity of γN−1 near a point (x̂; x̂′) ∈ (U (1)
N−1 × U (1)

N−1) ∩ C(2)
N−1,

it suffices to consider γN−1 multiplied by a cut-off function that is 1 near (x̂; x̂′). We
shall require that the support of this cut-off function is so small that we can exploit
Proposition 3.6. Now we want to study the Fourier transform (2.3) of the localised version

of γN−1 and, by (1.8), it suffices to do so for each γ
(j)
N−1, that is defined in (3.8). Using

inverse Fourier transform (2.4), we shall get an expansion of each γ
(j)
N−1, from which we

shall be able to derive our main result Theorem 1.1.

Let (x̂; x̂′) ∈ (U (1)
N−1 × U (1)

N−1) ∩ C(2)
N−1. Recall that, for x ∈ (R3)N−1 and q ∈ [[1;N − 1]],

we sometimes write x = (xq;xq). We use the objects introduced in Proposition 3.6. For
j ∈ [[1;N − 1]], let χ0;j ∈ C∞

c (R3;R) satisfying the following requirements:

� If j ̸∈ D, χ0;j = 1 near x̂j;

� If j ∈ D, χ0;j = 1 near x̂j and χ0;j = χ0;jχ̃j;

� For (j; ℓ) ∈ [[1;N − 1]]2 with j ̸= ℓ, χ0;jχ0;ℓ = 0.

Let χ0 be the tensor product ⊗j∈[[1;N−1]] χ0;j, that is the map

(R3)N−1 ∋ x 7→
∏

j∈[[1;N−1]]

χ0;j(xj) .

Note that χ0 ∈ C∞
c ((R3)N−1;R). Recall that, for j ∈ D, the support of χ̃j is included in

Wj. Now, we can choose the support of the functions χ0;j, for j ∈ [[1;N−1]], so small such
that, for j ∈ D, there exists an open neighbourhood V̸=j of x̂j such that Wj × V̸=j ⊂ V
and the support of ⊗ℓ∈[[1;N−1]]\{j} χ0;ℓ is included in V̸=j. This ensures, in particular, that
the support of χ0 is included in V .
For k ∈ [[1;N − 1]], let χ′

0;k ∈ C∞
c (R3;R) satisfying the following requirements:
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� If k ̸∈ c(D), χ′
0;k = 1 near x̂′k;

� If k = c(j) for j ∈ D, χ′
0;k = 1 near x̂′c(j) = x̂j and χ

′
0;k = χ′

0;kχ̃j.

� For (k; ℓ) ∈ [[1;N − 1]]2 with k ̸= ℓ, χ′
0;kχ

′
0;ℓ = 0.

Let χ′
0 be the tensor product ⊗k∈[[1;N−1]] χ

′
0;k, that is the map

(R3)N−1 ∋ x′ 7→
∏

k∈[[1;N−1]]

χ′
0;k(x

′
k) .

As above, we may assume that, for k ∈ c(D), there is an open neighbourhood V ′
̸=k of

x̂′k such that Wj × V ′
̸=k ⊂ V ′ and the support of ⊗ℓ∈[[1;N−1]]\{k} χ

′
0;ℓ is included in V ′

̸=k. In
particular, χ′

0 ∈ C∞
c ((R3)N−1;R) and the support of χ′

0 is included in V ′.
The considered localised version of γN−1 is γN−1(χ0 ⊗ χ′

0), that is the map

((R3)N−1)2 ∋ (x;x′) 7→ χ0(x) γN−1(x;x
′)χ′

0(x
′) .

As explained above, it suffices to consider the localised version γ
(j)
N−1(χ0 ⊗ χ′

0) of γ
(j)
N−1,

that is the map (
(R3)N−1

)2 ∋ (x;x′) 7→ χ0(x) γ
(j)
N−1(x;x

′)χ′
0(x

′) ,

for j ∈ D.
Let us now fix j ∈ D. For the rest of Section 4, to simplify notation, we denote γ

(j)
N−1 by

γ̃, the localised version of γ
(j)
N−1 by γ̃0, i.e. γ̃0 = γ̃(χ0 ⊗ χ′

0), χ̃j by χ̃, c(j) by k, V̸=j by
V̸=, V ′

̸=k by V ′
̸=, and Wj by W . Therefore (3.8) reads

γ̃(x; x′) =

∫
R3

|xj − y| φ̃j(x; y) |x′k − y| φ̃′
k(x

′; y) χ̃(y) dy . (4.1)

According to (2.3) and to the Fubini theorem, the Fourier transform F of γ̃0 is the map
F : (R3)2(N−1) ∋ (ξ; ξ′) 7→ F (ξ; ξ′) where

F (ξ; ξ′) (4.2)

=

∫
(R3)2N−1

e−i(ξ·x+ ξ′·x′) χ0(x) |xj − y| φ̃j(x; y) χ
′
0(x

′) |x′k − y| φ̃′
k(x

′; y) χ̃(y) dx dx′ dy .

It is convenient to write the variable x ∈ (R3)N−1 as (xj;xj) with xj := (xℓ)ℓ̸=j. We also
simplify the notation for the tensor product χ0 by setting

χj

(
xj
)

:=
∏

ℓ∈[[1;N−1]]
ℓ ̸=j

χ0;ℓ(xℓ)

if N > 2, else χj = 1. Thus χ0(x) = χ0;j(xj)χj(xj). We perform the same simplifications
for x′ and χ′

0, replacing j by k.
On V ×W , we have the special state decomposition ψ(x; y) = ϕ̃j(x; y) + |xj − y|φ̃j(x; y)
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associated to the collision of the variables xj and y at x̂j (cf. Proposition 3.1). As in
Definition 3.2, we write (x; y) = (xj; y;xj) and φ̃j(x; y) = φj((xj − y)/2; (xj + y)/2;xj).
Recall that nj is the valuation of the map z 7→ φj(zj; zN ;Zj;N) in the variable zj at
(0; x̂j; x̂j). Similarly, using the special state decomposition associated to the collision of
the variables x′k and y at x̂′k = x̂j, we can write φ̃′

k(x
′; y) = φ′

k((x
′
k − y)/2; (x′k + y)/2;x′k)

and n′
k is the valuation of the map z 7→ φ′

k(zk; zN ;Zk;N) in the variable zk at (0; x̂′k; x̂
′
k).

To analyse the function F , we first rewrite it in the following form, using the functions
φj and φ

′
k.

Lemma 4.1. Let χ ∈ C∞
c (R;R) be such that, for all x ∈ R3 and y ∈ Sχ̃, the support of χ̃,

χ(|x|) = 1 if χ0;j(x+ y) ̸= 0 and also χ(|x|) = 1 if χ′
0;k(x+ y) ̸= 0. Then χ(| · |) = 1 near

0 in R3. For all (ξ; ξ′) ∈ (R3)2(N−1),

F (ξ; ξ′) =

∫
(R3)2N−1

e−i (ξj ·xj + ξ′k·x
′
k) e−i(ξj+ξ′k)·y e

−i (ξ
j
·xj + ξ′

k
·x′

k) (4.3)

|xj| φj

(
xj/2; xj/2 + y ; xj

)
χ
(
|xj|
)
|x′k| φ′

k

(
x′k/2; x

′
k/2 + y ; x′k

)
χ
(
|x′k|
)

χ0;j(xj + y) χ′
0;k(x

′
k + y) χj

(
xj
)
χ′
k

(
x′k
)
χ̃(y) dxj dx

′
k dxj dx

′
k dy ,

where ξ := (ξj; ξj) and ξ
′ := (ξ′j; ξ

′
j
) with ξ

j
:= (ξℓ)ℓ̸=j and ξ′

k
:= (ξ′ℓ)ℓ ̸=k.

Proof: As above, we write (x; y) = (xj; y;xj) and (x′; y) = (x′k; y;x
′
k) in (4.2). For y ∈ Sχ̃,

χ0;j(x + y) ̸= 0 if x is close to zero. Thus χ(|x|) = 1 for such x. Similarly, for y ∈ Sχ̃,
χ′
0;k(x+ y) ̸= 0 if x is close to zero. Thus χ(|x|) = 1 for such x, as well.

For fixed y, we make the change of variables x̃ = xj − y and x̃′ = x′k − y in the (xj;x
′
k)-

integral in (4.2) and rename the new variables (x̃; x̃′) as (xj;x
′
k), to arrive at

F (ξ; ξ′) =

∫
(R3)2N−1

e−i (ξj ·xj + ξ′k·x
′
k) e−i(ξj+ξ′k)·y e

−i (ξ
j
·xj + ξ′

k
·x′

k)

|xj| φ̃j

(
xj + y; y;xj

)
|x′k| φ̃′

k

(
x′k + y; y;x′k

)
χ0;j(xj + y) χ′

0;k(x
′
k + y) χj

(
xj
)
χ′
k

(
x′k
)
χ̃(y) dxj dx

′
k dxj dx

′
k dy .

We can write φ̃j(xj + y; y;xj) = φj(xj/2;xj/2 + y;xj), for y ∈ Sχ̃ and (xj + y) ∈ Sχ0;j
,

and φ̃′
k(x

′
k + y; y;x′k) = φ′

k(x
′
k/2;x

′
k/2 + y;x′k), for y ∈ Sχ̃ and (x′k + y) ∈ Sχ′

0;k
. By the

properties of the cut-off function χ, we may insert χ(|xj|) and χ(|x′k|) into the integral
without changing it, yielding (4.3).

Recall that x̂j = x̂′k. Let R0 be the range of the map W2 ∋ (x; y) 7→ ((x−y)/2; (x+y)/2).
It is an open neighbourhood of (0; x̂j) = (0; x̂′k). Let

S :=
{
(s; t) ∈ (R3)2 ; (s/2; s/2 + t) ∈ R0

}
.

On the support of the integrand in (4.3), we have (xj/2;xj/2+y) ∈ R0, that is (xj; y) ∈ S,
and (x′k/2;x

′
k/2 + y) ∈ R0, that is (x

′
k; y) ∈ S. It was shown in [JN] (cf. the proof of the

claim (24) in the appendix) that, for almost all y ∈ Sχ̃, nj is the valuation of the map

S × V ̸= ∋ (xj; y;xj) 7→ φj

(
xj/2; xj/2 + y ; xj

)
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at 0 in the variable xj and that n′
k is the valuation of the map

S × V ′
̸= ∋ (x′k; y;x

′
k) 7→ φ′

k

(
x′k/2; x

′
k/2 + y ; x′k

)
at 0 in the variable x′k.
Let m be an integer larger than max(nj;n

′
k). Then, for (xj/2;xj/2 + y;xj) ∈ R0 × V ̸=,

φj

(
xj/2; xj/2 + y ; xj

)
=

∑
α∈N3

nj≤|α|<m

φα(y;xj) x
α
j +

∑
α∈N3
|α|=m

φ̂α

(
xj; y ; xj

)
xαj , (4.4)

where the functions φ̂α are the sum of a power series on S × V̸= and the functions φα are
the sum of a power series on W × V̸=. By definition of nj, the functions φα for |α| = nj,
are not all zero.
Similarly, we can write, for (x′k;x

′
k + 2y;x′k) ∈ R0 × V ′

̸=,

φ′
k

(
x′k/2; x

′
k/2 + y ; x′k

)
=

∑
α∈N3

n′
k
≤|α|<m

φ′
α(y;x

′
k) (x

′
k)

α +
∑
α∈N3
|α|=m

φ̂′
α

(
x′k; y ; x

′
k

)
(x′k)

α , (4.5)

where the functions φ̂′
α are the sum of a power series near on S × V ′

̸= and the functions
φ′
α are the sum of a power series on W × V ′

̸=. By definition of n′
k, the functions φ′

α for
|α| = n′

k, are not all zero.
Now we want to insert the formulae (4.4) and (4.5) into (4.3). To control the remainders,
we shall use Lemma 2.1 and Lemma 2.2.
For all α ∈ N3, we denote by Fα the Fourier transform of the continuous, compactly
supported function R3 ∋ x 7→ |x|xα χ(|x|). We observe that Fα = (−i∂)αF0, where F0 is
the Fourier transform of the continuous, compactly supported function R3 ∋ x 7→ |x|χ(|x|)
and to which one can apply Lemma 2.2. This yields

Lemma 4.2. Let α ∈ N3. There exists a smooth function Gα : R3 \ {0} −→ C satisfying
the following properties.

∀ ξ ∈ R3 \ {0} , Fα(ξ) = −8π (−i)|α|
(
∂α | · |−4

)
(ξ) + Gα(ξ) and (4.6)

∀ γ ∈ N3 , ∀ k ∈ N , ∃C(α)
γ;k > 0 ; ∀ ξ ∈ R3 \ {0} ,

∣∣∂γGα(ξ)
∣∣ ≤ C

(α)
γ;k |ξ|−k−|γ| . (4.7)

In particular, we have

∀ γ ∈ N3 , ∃C(α)
γ > 0 ; ∀ ξ ∈ R3 \ {0} ,

∣∣∂γFα(ξ)
∣∣ ≤ C(α)

γ |ξ|−4−|α|−|γ| . (4.8)

We can check by induction that, for all α ∈ N3, there exists a polynomial Pα on R3, that
has real coefficients and is homogeneous of degree |α|, such that

∀ η ∈ R3 \ {0} ,
(
∂α| · |−4

)
(η) =

Pα(η)

|η|4+2|α| . (4.9)

For further purpose, we state the following
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Lemma 4.3. Let n ∈ N. The functions Fα for |α| = n are linearly independent. So are
the functions Pα for |α| = n.

Proof: See the Appendix.

Coming back to (4.3), this leads to the

Proposition 4.4. Let m be any integer larger than max(nj;n
′
k; 3). Then there exist a

family (aα)nj≤|α|<m of smooth functions, defined near x̂ in R3(N−1), a family (a′α)n′
k≤|α|<m

of smooth functions, defined near x̂′ in R3(N−1), and a smooth function Rm on (R3)2(N−1),
such that, for all (ξ; ξ′) ∈ (R3)2(N−1),

F (ξ; ξ′) =
∑

nj≤|α|<m

n′
k
≤|α′|<m

Fα(ξj)Fα′(ξ′k)Aα;α′
(
ξ; ξ′

)
+ Rm(ξ; ξ

′) , (4.10)

where

Aα;α′
(
ξ; ξ′

)
=

∫
R3

e−i(ξj+ξ′k)·y Bα;α′
(
ξ
j
; ξ′

k
; y
)
χ̃(y) dy (4.11)

and Bα;α′
(
ξ
j
; ξ′

k
; y
)
is the integral∫

R3(2N−4)

e
−i (ξ

j
·xj + ξ′

k
·x′

k) aα(y;xj) a
′
α′(y;x′k) χj

(
xj
)
χ′
k

(
x′k
)
dxj dx

′
k . (4.12)

The functions Aα;α′ and Bα;α′ are smooth.
For α ∈ N3 with |α| = nj, we have aα(y;xj) = φα(y;xj)χ0;j(y), where the function φα

appears in the formula (4.4), and, for α′ ∈ N3 with |α′| = n′
k, we have a′α′(y;x′k) =

φ′
α′(y;x′k)χ

′
0;k(y), where the function φ′

α′ appears in the formula (4.5).
Moreover, we have the following estimates.

∀ q ∈ N , sup
(ξ; ξ′)∈(R3)2(N−1)

⟨ξj⟩m ⟨ξ′k⟩m
〈
ξ
j

〉q 〈
ξ′
k

〉q ∣∣Rm(ξ; ξ
′)
∣∣ < +∞ . (4.13)

For α ∈ N3 with m > |α| ≥ nj and α′ ∈ N3 with m > |α′| ≥ n′
k, for all q ∈ N,

sup
(ξ; ξ′)∈(R3)2(N−1)

⟨ξj⟩4+|α| ⟨ξ′k⟩4+|α′| 〈ξ
j

〉q 〈
ξ′
k

〉q ∣∣Fα(ξj)Fα′(ξ′k)Aα;α′
(
ξ; ξ′

)∣∣ < +∞ . (4.14)

Proof: Let y ∈ Sχ̃ be fixed. We write a Taylor formula for χ0;j at fixed y with exact
remainder as an integral:

χ0;j(xj + y) =
∑

|δ|<m−nj

∂δχ0;j(y)

δ!
xδj +

∑
|δ|=m−nj

χ̂δ(xj; y) x
δ
j ,

where the functions χ̂δ are smooth near (0; x̂j). Using this formula together with (4.4),
we get the following expansion on S × V ̸=,

φj

(
xj/2; xj/2+y ; xj

)
χ0;j(xj +y) =

∑
nj≤|α|<m

aα(y;xj) x
α
j +

∑
m≤|δ|≤2m−nj

rδ(xj; y;xj) x
δ
j ,
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for some smooth functions aα and rδ. For |α| = nj, aα(y;xj) = φα(y;xj)χ0;j(y). In the
last formula, denote by p(xj; y;xj) the first sum and by r(xj; y;xj) the second one.
Similarly, using (4.5), we can write on S × V ′

̸=

φ′
k

(
x′k/2; x

′
k/2 + y ; x′k

)
χ′
0;k(x

′
k + y) = p′

(
x′k; y;x

′
k

)
+ r′

(
x′k; y;x

′
k

)
.

Inserting these expansions into (4.3), we obtain

F (ξ; ξ′) =

∫
(R3)2N−1

e−i (ξj ·xj + ξ′k·x
′
k) e−i(ξj+ξ′k)·y e

−i (ξ
j
·xj + ξ′

k
·x′

k) (4.15)

|xj| χ
(
|xj|
)
|x′k| χ

(
|x′k|
) (
p(xj; y;xj) + r(xj; y;xj)

)
χ̃(y)(

p′(x′k; y;x
′
k) + r′(x′k; y;x

′
k)
)
χj

(
xj
)
χ′
k

(
x′k
)
dxj dx

′
k dxj dx

′
k dy

and set Rm(ξ; ξ
′) as

F (ξ; ξ′) −
∫
(R3)2N−1

e−i (ξj ·xj + ξ′k·x
′
k) e−i(ξj+ξ′k)·y e

−i (ξ
j
·xj + ξ′

k
·x′

k)

|xj| χ
(
|xj|
)
|x′k| χ

(
|x′k|
)
p(xj; y;xj) χ̃(y)

p′(x′k; y;x
′
k) χj

(
xj
)
χ′
k

(
x′k
)
dxj dx

′
k dxj dx

′
k dy .

By Fubini theorem, we have

F (ξ; ξ′) − Rm(ξ; ξ
′)

=
∑

nj≤|α|<m

n′
k
≤|α′|<m

∫
R6

e−i (ξj ·xj + ξ′k·x
′
k) xαj |xj| χ

(
|xj|
)
(x′k)

α′ |x′k| χ
(
|x′k|
)
dxj dx

′
k

×
∫
R3

e−i(ξj+ξ′k)·y Bα;α′(ξ
j
; ξ′

k
; y) χ̃(y) dy ,

where Bα;α′(ξ
j
; ξ′

k
; y) is given by (4.12), yielding (4.10).

For such (α;α′), we can use (2.2) in (4.12) to get, for all q ∈ N,

∀ (ξ
j
; ξ′

k
; y) ∈

(
R3(N−2)

)2 × Sχ̃ ,
∣∣Bα;α′(ξ

j
; ξ′

k
; y)
∣∣ ≤ Cq

〈
ξ
j

〉−q 〈
ξ′
k

〉−q

for some (ξ
j
; ξ′

k
; y)-independent constant Cq. Combining this estimate with (4.11) and

(4.8), we derive (4.14).
The rest Rm(ξ; ξ

′) is given by∑
s∈{p;r} ; s′∈{p′;r′} ;

(s;s′ )̸=(p;p′)

∫
(R3)2N−1

e−i (ξj ·xj + ξ′k·x
′
k) e−i(ξj+ξ′k)·y e

−i (ξ
j
·xj + ξ′

k
·x′

k)

|xj| χ
(
|xj|
)
|x′k| χ

(
|x′k|
)
s(xj; y;xj) χ̃(y)

s′(x′k; y;x
′
k) χj

(
xj
)
χ′
k

(
x′k
)
dxj dx

′
k dxj dx

′
k dy .

Let q ∈ N. Take a term in the above sum that contains the function r. By Lemma 3.4,
we know that the map xj 7→ |xj|χ(|xj|)r(xj; y;xj) belongs to the class Cm. Thus we can
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apply precisely m times the identity (2.2) with (x; ξ) replaced by (xj; ξj) and integrations
by parts in the xj-integral, we use q times (2.2) with (x; ξ) replaced by (xj; ξj) and

integrations by parts in the xj-integral, and we use q times (2.2) with (x; ξ) replaced by
(x′k; ξ

′
k
) and integrations by parts in the x′k-integral, to get

⟨ξj⟩m ⟨ξ′k⟩m ⟨ξ
j
⟩q ⟨ξ′

k
⟩q
∣∣Rm(ξ; ξ

′)
∣∣ ≤ C , (4.16)

for some (ξ; ξ′)-independent constant C. The remaining term contains the function r′.
By Lemma 3.4, the map x′k 7→ |x′k|χ(|x′k|)r′(xj; y;xj) belongs to the class Cm. We use
m times the identity (2.2) with (x; ξ) replaced by (x′k; ξ

′
k) and integrations by parts in

the x′k-integral, we use q times (2.2) with (x; ξ) replaced by (xj; ξj) and integrations by

parts in the xj-integral, and we use q times (2.2) with (x; ξ) replaced by (x′k; ξ
′
k
) and

integrations by parts in the x′k-integral, to get the estimate (4.16), for a possibly different,
(ξ; ξ′)-independent constant C. This yields (4.13).

The estimates (4.13) and (4.14) ensure, by the Fubini theorem, that each term in (4.10) is
integrable over (R3)2(N−1). This allows us to apply (2.5), with Fg replaced by these terms.
In particular, γ̃0 is the inverse Fourier transform of F . It is convenient to introduce the
map γ0 : R3(N−1) −→ C that is defined by

γ0
(
X;X ′; xj; x

′
k

)
= γ̃0

(
X/2 +X ′; xj; X

′ −X/2; x′k
)
. (4.17)

Of course, we can recover γ̃0 from γ0 by

γ̃0
(
xj; xj; x

′
k; x

′
k

)
= γ0

(
xj − x′k; (xj + x′k)/2; xj; x

′
k

)
. (4.18)

In particular, γ̃0 and γ0 have the same regularity. Let us denote by R the range of the
map W2 ∋ (x; y) 7→ (x− y; (x+ y)/2). It is a neighbourhood of (0; x̂j) = (0; x̂′k).

Proposition 4.5. Let m be any integer larger than 4 + nj + n′
k. Then there exists a

function Rm : R × V ̸= × V ′
̸= −→ C, that belongs to the class Cm, such that, for all

(X;X ′; xj; x
′
k) ∈ R× V ̸= × V ′

̸=,

γ0
(
X;X ′; xj; x

′
k

)
− Rm

(
X;X ′; xj; x

′
k

)
(4.19)

= χj

(
xj
)
χ′
k

(
x′k
) ∑

nj≤|α| , n′
k
≤|α′|

4+|α|+|α′|<m

∑
4+|α|+|β|+|α′|+|β′|<m

1

β! β′!

×
(∂y
2

)β+β′(
χ̃(y) aα(y;xj) a

′
α′(y;x′k)

)
|y=X′

× (2π)−3

∫
R3

eiX·η Fα+β(η)Fα′+β′(−η) dη .

Moreover, for fixed (α;α′; β; β′), the term

1

β! β′!

(∂y
2

)β+β′(
χ̃(y) aα(y;xj) a

′
α′(y;x′k)

)
|y=X′

(4.20)

× (2π)−3

∫
R3

eiX·η Fα+β(η)Fα′+β′(−η) dη

belongs to the class C4+|α|+|β|+|α′|+|β′|.
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Proof: We start with formula (4.10) with m replaced by m+ 4. Denote by FA(ξ; ξ′) the
sum on the r.h.s. of this formula. Thanks to the estimate (4.13) and Lemma 2.1, the
inverse Fourier transform of Rm+4 belongs to the class Cm. For two functions f and g, we
write f ∼ g if f − g belongs to the class Cm.
Now, we apply the inverse Fourier transform (2.4) to FA. For (x;x′) ∈ (R3)2(N−1),

(2π)−6(N−1)

∫
(R3)2(N−1)

ei(x·ξ+x′·ξ′) FA(ξ; ξ′) dξ dξ′ (4.21)

= (2π)−6 χj

(
xj
)
χ′
k

(
x′k
) ∑

nj≤|α|<m+4

n′
k
≤|α′|<m+4

∫
R6

ei(xj ·ξj+x′
k·ξ

′
k) Fα(ξj)Fα′(ξ′k)

∫
R3

e−i(ξj+ξ′k)·y χ̃(y)

× aα(y;xj) a
′
α′(y;x′k) dy dξj dξ

′
k .

Actually, this is zero unless (xj;x
′
k;xj;x

′
k) ∈ W2 × V̸= × V ′

̸=. In the latter case, let us

denote by C̃α;α′(xj;x
′
k;xj;x

′
k) the terms appearing in the sum in (4.21) and set

Cα;α′
(
X;X ′;xj;x

′
k

)
:= C̃α;α′

(
X ′ +X/2;X ′ −X/2;xj;x

′
k

)
.

where (X;X ′;xj;x
′
k) ∈ R×V̸=×V ′

̸=. Making the change of variables η := (ξj − ξ′k)/2 and
η′ := (ξj + ξ′k)/2, we obtain

C̃α;α′(xj;x
′
k;xj;xk) =

∫
R6

ei(xj ·(η+η′)+x′
k·(η

′−η)) Fα

(
η + η′

)
Fα′
(
η′ − η

)
×
∫
R3

e−2iη′·y χ̃(y) aα(y;xj) a
′
α′(y;x′k) dy dη dη

′

and, setting X := xj − x′k and X ′ := (xj + x′k)/2, we get

Cα;α′(X;X ′;xj;xk) =

∫
R6

ei(X·η+2X′·η′) Fα

(
η + η′

)
Fα′
(
η′ − η

)
×
∫
R3

e−2iη′·y χ̃(y) aα(y;xj) a
′
α′(y;x′k) dy dη dη

′ .

Using the identity (2.2) with (x; ξ) replaced by (2y; η′), we see by integration by parts
that, for all q ∈ N, there exists Cq > 0 such that, for xj in the support of χj and x′k in
the support of χ′

k,∣∣∣∣⟨η′⟩q ∫
R3

e−2iη′·y χ̃(y) aα(y;xj) a
′
α′(y;x′k) dy

∣∣∣∣ ≤ Cq . (4.22)

Using the boundedness of the functions Fα (cf. (4.8)) and the estimate (4.22), we see that
contribution to the integral of the region {η; |η| < 1} is a smooth function (by standard
derivation under the integral sign). This holds also true for the contribution to the integral
of the region {(η; η′); |η| ≥ 1 , |η| < 2|η′|}. Thus Cα;α′ ∼ CA

α;α′ where

CA
α;α′(X;X ′;xj;xk) =

∫
|η|≥1

2|η′|≤|η|

ei(X·η+2X′·η′) Fα(η + η′)Fα′(η′ − η)

∫
R3

e−2iη′·y χ̃(y)

× aα(y;xj) a
′
α′(y;x′k) dy dη dη

′ .
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Now we use the following Taylor formula with exact remainder as an integral. For ϵ ∈
{−1; 1}, Q ∈ N∗, and α ∈ N3, Fα(η

′ + ϵη) = FA
α (ϵη; η

′) + FR
α (ϵη; η′) with

FA
α (ϵη; η

′) =

Q−1∑
q=0

1

q!

((
η′ · ∇)qFα

)
(ϵη)

and

FR
α (ϵη; η′) =

∫ 1

0

((
η′ · ∇)QFα

)
(tη′ + ϵη)

(1− t)Q−1

(Q− 1)!
dt .

For ϵ ∈ {−1; 1}, |η| ≥ 1, |η| ≥ 2|η′|, and t ∈ [0; 1], |tη′ + ϵη| ≥ |η|/2 and, thanks to (4.8),
there exist C,CQ, C

′
Q > 0 such that∣∣FA

α (ϵη; η
′)
∣∣ ≤ C |η|−4−|α| |η′|Q ,

∣∣FR
α (ϵη; η′)

∣∣ ≤ CQ |η|−4−|α|−Q |η′|Q ,

and ∣∣Fα(η
′ + η)FR

α′(−η; η′)
∣∣ ≤ C ′

Q |η|−8−|α|−|α′|−Q |η′|2Q .

Set Q = m− |α| − |α′| − 4 if |α|+ |α′|+4 < m, else Q = 1. Using (4.22) and Lemma 2.1,
we have CA

α;α′ ∼ CA1

α;α′ where

CA1

α;α′(X;X ′;xj;xk) =

∫
|η|≥1

2|η′|≤|η|

ei(X·η+2X′·η′) Fα(η + η′)FA
α′(−η; η′)

∫
R3

e−2iη′·y χ̃(y)

× aα(y;xj) a
′
α′(y;x′k) dy dη dη

′ .

Similarly, we can find some C ′′
Q > 0 such that, for |η| ≥ 1 and |η| ≥ 2|η′|,∣∣FR

α (η; η′)FA
α′(−η; η′)

∣∣ ≤ C ′′
Q |η|−8−|α|−|α′|−Q |η′|2Q

and obtain CA
α;α′ ∼ CA2

α;α′ where

CA2

α;α′(X;X ′;xj;xk) =

∫
|η|≥1

2|η′|≤|η|

ei(X·η+2X′·η′) FA
α (η; η

′)FA
α′(−η; η′)

∫
R3

e−2iη′·y χ̃(y)

× aα(y;xj) a
′
α′(y;x′k) dy dη dη

′ .

As above, adding to this integral the contribution of the regions {(η; η′); |η| ≥ 1 , |η| <
2|η′|} and {η; |η| < 1} amounts to add to the function CA2

α;α′ a smooth function. Therefore

CA
α;α′ ∼ CB

α;α′ where

CB
α;α′(X;X ′;xj;xk) =

∫
R6

ei(X·η+2X′·η′) FA
α (η; η

′)FA
α′(−η; η′)

∫
R3

e−2iη′·y χ̃(y)

× aα(y;xj) a
′
α′(y;x′k) dy dη dη

′ .

By the multinomial theorem, we have

1

q!

(
η′ · ∇

)q
Fα =

1

q!

∑
|β|=q

q!

β!
(η′)β ∂βFα =

∑
|β|=q

1

β!
(iη′)βFα+β ,
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since Fα = (−i∂)αF0. This yields

CB
α;α′(X;X ′;xj;xk) =

∑
|β|<Q

|β′|<Q

1

β!β′!

∫
R3

eiX·η Fα+β(η)Fα′+β′(−η) dη

×
∫
R3

e2iX
′·η′ (iη′)β+β′

∫
R3

e−2iη′·y χ̃(y) aα(y;xj) a
′
α′(y;x′k) dy dη

′ .

Since ∫
R3

e2iX
′·η′ (iη′)β+β′

∫
R3

e−2iη′·y χ̃(y) aα(y;xj) a
′
α′(y;x′k) dy dη

′

= (∂X′/2)β+β′
∫
R3

e2iX
′·η′
∫
R3

e−2iη′·y χ̃(y) aα(y;xj) a
′
α′(y;x′k) dy dη

′

= (2π)3 (∂y/2)
β+β′ (

χ̃(y) aα(y;xj) a
′
α′(y;x′k)

)
|y=X′

by (2.5), we get

CB
α;α′(X;X ′;xj;xk) = (2π)3

∑
|β|<Q

|β′|<Q

1

β!β′!

∫
R3

eiX·η Fα+β(η)Fα′+β′(−η) dη (4.23)

× (∂y/2)
β+β′ (

χ̃(y) aα(y;xj) a
′
α′(y;x′k)

)
|y=X′ .

Recall that we worked for nj ≤ |α| < m+4 and n′
k ≤ |α′| < m+4 with m > 4+ nj + n′

k.
By the properties of the functions Fα (cf. (4.8)) and Lemma 2.1, a term in the sum in
(4.23) belongs to the class C4+|α|+|β|+|α′|+|β′|. In particular, it belongs to the class Cm if
4 + |α|+ |β|+ |α′|+ |β′| ≥ m.
Coming back to the inverse Fourier transform F i

FA of FA in (4.21), we can write

F i
FA

(
X ′ +X/2;X ′ −X/2;xj;xk

)
∼ G

(
X;X ′;xj;xk

)
where

G
(
X;X ′;xj;xk

)
= (2π)−3 χj

(
xj
)
χ′
k

(
x′k
) ∑

nj≤|α|, n′
k
≤|α′|

4+|α|+|α′|<m

∑
4+|α|+|β|+|α′|+|β′|<m

1

β!β′!

×
∫
R3

eiX·η Fα+β(η)Fα′+β′(−η) dη

× (∂y/2)
β+β′ (

χ̃(y) aα(y;xj) a
′
α′(y;x′k)

)
|y=X′ .

We showed at the beginning of the proof that γ̃0 ∼ F i
FA . Thus

γ0
(
X;X ′;xj;xk

)
∼ F i

FA

(
X ′ +X/2;X ′ −X/2;xj;xk

)
.

Defining Rm by γ0 −G, we obtain (4.19).

We now focus on the integrals remaining in (4.19), using Lemma 4.2 and (4.9).
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Lemma 4.6. Let (α;α′) ∈ (N3)2. There exists a smooth function S : R3 −→ C such that,
for all X ∈ R3,∫

R3

eiX·η Fα(η)Fα′(−η) dη =
−8 (2π)4

(6 + 2|α|+ 2|α′|)!

(
Pα(−∂x)Pα′(∂x) |x|5+2|α|+2|α′|

)
|x=X

+ S(X) . (4.24)

Proof: For two functions f and g, we write here f ∼ g if f − g is a smooth function. We
shall frequently use the following fact: if f ∈ C∞

c (R) and g ∈ C∞(R3) then the map

R3 ∋ X 7→
∫
R3

eiX·η f
(
|η|
)
g(η) dη (4.25)

is smooth. This indeed follows from Lemma 2.1. Denote by N(X) the l.h.s. of (4.24).
Consider a cut-off function τ ∈ C∞(R+;R) such that τ = 0 on [0; 1] and τ = 1 on [2;+∞[.
Since (1− τ) ∈ C∞

c (R), we can write, by (4.25), that N ∼ N1 where

N1(X) =

∫
R3

eiX·η τ
(
|η|
)
Fα(η)Fα′(−η) dη .

We use the decomposition (4.6) for Fα, the estimate (4.7), and Lemma 2.1, to see that
N ∼ N2 where

N2(X) = (8π)2
∫
R3

eiX·η τ
(
|η|
) (

(−i∂α)| · |−4
)
(η)
(
(−i∂α′

)| · |−4
)
(−η) dη

= (8π)2 i|α|+|α′|
∫
R3

eiX·η τ
(
|η|
)
Pα(η)Pα′(−η) |η|−8−2|α|−2|α′| dη . (4.26)

Since the function R3 ∋ η 7→ τ(|η|)|η|−8 is integrable, standard derivation under the
integral shows that

N2(X) = (8π)2 Pα(−∂X)Pα′(∂X)N3(X) .

where

N3(X) =

∫
R3

eiX·η τ
(
|η|
)
|η|−8−2|α|−2|α′| dη .

Using spherical coordinates (see the appendix in [JN]), we get, for X ̸= 0,

N3(X) = 4π

∫ +∞

1

τ(r) r−7−2|α|−2|α′| sin(r|X|)
|X|

dr ,

since the support of τ is included in [1; +∞[. By integration by parts,

N3(X) =
4π

−6− 2|α| − 2|α′|

([
τ(r)

sin(r|X|)
|X|

r−6−2|α|−2|α′|
]r=+∞

r=1

−
∫ +∞

1

r−6−2|α|−2|α′| ∂r

(
τ(r)

sin(r|X|)
|X|

)
dr

)
=

4π

6 + 2|α|+ 2|α′|

∫ +∞

1

r−6−2|α|−2|α′| ∂r

(
τ(r)

sin(r|X|)
|X|

)
dr ,
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since τ is flat at 1. The contribution of the derivative of τ in the previous integral is a
smooth function by (4.25). Thus

N3(X) ∼ 4π

6 + 2|α|+ 2|α′|

∫ +∞

1

r−6−2|α|−2|α′| τ(r) cos(r|X|) dr .

Repeating the integration by parts, we get, by a finite induction, that

N3(X) ∼ 4π |X|4+2|α|+2|α′|

(6 + 2|α|+ 2|α′|)!

∫ +∞

1

r−2 τ(r) cos(r|X|) dr .

Now, using again an integration by parts, we write∫ +∞

1

r−2 τ(r) cos(r|X|) dr = lim
R→+∞

∫ R

1

r−2 τ(r) cos(r|X|) dr

∼ − lim
R→+∞

|X|
∫ R

1

r−1 τ(r) sin(r|X|) dr

∼ − |X| lim
R→+∞

∫ R

0

r−1 sin(r|X|) dr

∼ − |X| lim
R→+∞

∫ R|X|

0

s−1 sin(s) ds

∼ − π

2
|X|

since the semi-convergent Dirichlet integral equals π/2. Thus

N2(X) ∼ −8 (2π)4 i|α|+|α′|

(6 + 2|α|+ 2|α′|)!
Pα(−∂X)Pα′(∂X) |X|5+2|α|+2|α′| ,

yielding (4.24).

Inserting the result of Lemma 4.6 into (4.19), we get

γ0
(
X;X ′; xj; x

′
k

)
− R̃m

(
X;X ′; xj; x

′
k

)
(4.27)

= χj

(
xj
)
χ′
k

(
x′k
) ∑

nj≤|α| , n′
k
≤|α′|

4+|α|+|α′|<m

∑
4+|α|+|β|+|α′|+|β′|<m

1

β! β′!

×
(∂y
2

)β+β′(
χ̃(y) aα(y;xj) a

′
α′(y;x′k)

)
|y=X′

× −8 (2π)4

(6 + 2|α|+ 2|α′|+ 2|β|+ 2|β′|)!

×
(
Pα+β(−∂x)Pα′+β′(∂x) |x|5+2|α|+2|α′|+2|β|+2|β′|

)
|x=X

,
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for some function R̃m : R× V ̸= × V ′
̸= −→ C, that belongs to the class Cm.

In the expansion (4.27), it is natural to expect that the regularity of γ0 is the one of

T
(
X;X ′; xj; x

′
k

)
(4.28)

=
−16π

(6 + 2nj + 2n′
k)!

χj

(
xj
)
χ′
k

(
x′k
)
χ̃(X ′)

∑
|α|=nj

|α′|=n′
k

aα(X
′;xj) a

′
α′(X ′;x′k)

×
(
Pα(−∂x)Pα′(∂x) |x|5+2nj+2n′

k

)
|x=X

,

that is the sum of the terms, with indices (α; β;α′; β′) such that |α| = nj, β = 0, |α′| = n′
k,

and β′ = 0, in the sum on the r.h.s. of (4.27). That is precisely what Lemma 4.7 and
Proposition 4.8 below prove.

Lemma 4.7. Let T : (R3)2(N−1) −→ C be the function defined by (4.28). Then, for
(X;X ′; xj; x

′
k) ∈ (R3)2(N−1),

T
(
X;X ′; xj; x

′
k

)
(4.29)

=
−16π

(6 + 2nj + 2n′
k)!

χ0

(
X ′;xj

)
χ′
0

(
X ′;x′k

) ∑
|α|=nj

|α′|=n′
k

φα(X
′;xj)φ

′
α′(X ′;x′k)

×
(
Pα(−∂x)Pα′(∂x) |x|5+2nj+2n′

k

)
|x=X

,

where the functions φα appear in the formula (4.4) and the functions φ′
α′ appear in the

formula (4.5). Moreover, the regularity of the function T near (0; x̂j; x̂j; x̂
′
k) is 4+nj+n

′
k.

Proof: The equality (4.29) immediately follows from Proposition 4.4 and the properties
of the cut-off functions χ0, χ

′
0, χ0;j, χ

′
0;k, and χ̃. By Proposition 4.5 and Lemma 4.6, the

function T belongs to the class C4+nj+n′
k .

Assume that T belongs to the class C5+nj+n′
k . By the properties of χ0 and χ

′
0, there exist

some non empty open sets U of R3, O of (R3)(N−1), and O′ of (R3)(N−1), such that, for
all (X ′; xj; x

′
k) ∈ U ×O ×O′, the product χ0(X

′;xj)χ
′
0(X

′;x′k) = 1.
Let (X ′; xj; x

′
k) ∈ U × O × O′. We know from the properties of the functions Pα and

(4.28) that, on R3 \ {0}, any partial derivative of the map X 7→ T (X;X ′;xj;x
′
k) of order

5 + nj + n′
k is homogeneous of degre zero and therefore a function of X/|X| only. We

assume that such a derivative exists at 0 and is continuous there. Thus this derivative
must be constant. In particular, this map is smooth on R3. Since T is smooth w.r.t. the
other variables, T is smooth.
Let τ ∈ C∞

c (R) such that τ = 1 near 0. Since τ is flat at zero and the map x 7→ |x|5+2nj+2n′
k

is smooth away from zero, the map T1 : R3 × U ×O ×O′ −→ C given by

T1
(
X;X ′; xj; x

′
k

)
=

∑
|α|=nj

|α′|=n′
k

φα(X
′;xj)φ

′
α′(X ′;x′k)

(
Pα(−∂x)Pα′(∂x) τ

(
|x|
)
|x|5+2nj+2n′

k

)
|x=X
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is smooth as well. Let K be a compact subset of U ×O×O′. By the proof of Lemma 2.1,
there exists some c > 0 such that, for all (X ′; xj; x

′
k) ∈ U × O × O′, for all η ∈ R3 with

|η| ≥ 1, ∣∣FT1

(
η;X ′; xj; x

′
k

)∣∣ ≤ c |η|−(9+nj+n′
k) . (4.30)

Let us denote by f the Fourier transform of the map x 7→ τ(|x|)|x|5+2nj+2n′
k . Let U1 :=

{η ∈ R3; |η| > 1}. For (η;X ′; xj; x
′
k) ∈ U1 × U ×O ×O′, we have

FT1

(
η;X ′; xj; x

′
k

)
= f(η)

∑
|α|=nj

|α′|=n′
k

φα(X
′;xj)φ

′
α′(X ′;x′k)Pα(−iη)Pα′(iη) .

By Lemma 2.2 applied to f ,

FT1

(
η;X ′; xj; x

′
k

)
=

λ

|η|8+2nj+2n′
k

∑
|α|=nj

|α′|=n′
k

φα(X
′;xj)φ

′
α′(X ′;x′k)Pα(−iη)Pα′(iη) + g(η)

and |g(η)| ≤ c|η|−(9+nj+n′
k), for some λ ̸= 0 and some c > 0. By (4.30) and homogeneity,

the last double sum must be zero identically on U1 × U ×O ×O′. Thus, the product( ∑
|α|=nj

φα(X
′;xj)Pα(−iη)

)( ∑
|α′|=n′

k

φ′
α′(X ′;x′k)Pα′(iη)

)

is zero identically on U1 × U × O × O′. Since it is a product of real analytic functions,
one factor must be zero on U1 × U ×O ×O′ (cf. [Ca]). By Lemma 4.3, this implies that
either all the functions φα with |α| = nj are zero on U × O or all the functions φ′

α′ with
|α′| = n′

k are zero on U × O′. This contradicts the properties of these functions stated
just after (4.4) and (4.5), respectively.
The regularity of T near (0; x̂j; x̂j; x̂

′
k) is therefore 4 + nj + n′

k.

By Proposition 4.5, we know that all the terms on the r.h.s. of (4.27) but T belong
to the class C5+|α|+|α′|. Thus (4.27) and Lemma 4.7 show that the regularity of γ0 near
(0; x̂j; x̂j; x̂

′
k) is precisely the one of T , that is 4 + nj + n′

k. We have proven

Proposition 4.8. The regularity of γ0 near (0; x̂j; x̂j; x̂
′
k) is 4+ nj + n′

k. So is also the one
of γ̃0 near (x̂j; x̂j; x̂j; x̂

′
k).

Now, we are able to prove our main result.

Proof of Theorem 1.1: Let us take a neighbourhood N of x̂ and a neighbourhood N ′

of x̂′ such that χ0 = 1 on N and χ′
0 = 1 on N ′. Thanks to the Propositions 3.6 and 4.5

and to the Lemmata 4.6 and 4.7, we get (1.11) and (1.12). Proposition 4.8 provides the
regularity of each Tj and (1.12) shows that the less regular term in Tj cannot be com-
pensated by a term coming from some Tℓ with ℓ ̸= j. Therefore, the regularity of γN−1

is the minimum of the set {4+nj+n
′
c(j); j ∈ D} of regularities, that is 4+p.
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5 Pseudodifferential structure of operators associated to lo-

calisations of the density matrix.

In this section, we consider the integral operator Γ, the kernel of which is the density
matrix γN−1. It naturally acts on squared integrable functions f on R3(N−1) as(

Γf
)
(x) =

∫
R3(N−1)

γN−1(x;x
′) f(x′) dx′

and is actually a bounded, self-adjoint operator on L2(R3(N−1)). We focus on localisations
of this operator of the form Γ0 = χ0Γχ

′
0 for cut-off functions χ0 ∈ C∞

c (R3(N−1);R) and
χ′
0 ∈ C∞

c (R3(N−1);R). Precisely, Γ0 is the composition of the multiplication operator by
χ′
0, of Γ, and of the multiplication operator by χ0, in this order.

If the tensor product χ0⊗χ′
0 localises on a region where γN−1 is smooth then Γ0 transforms

L2(R3(N−1))-functions to a smooth function. Here we are more interested in the case where
this tensor product localises near a point

(x̂; x̂′) ∈
(
U (1)
N−1 × U (1)

N−1

)
∩ C(2)

N−1

as in Section 4. If x̂ = x̂′, it was shown in [JN] (Section 5) that Γ0 can be viewed as a
pseudodifferential operator, the symbol of which belongs to a well-known class of smooth
symbols. This property was detected after a study of the wave front set of γN−1. In the
same spirit, we now use Theorem 1.1 and the notion of singular support (cf. [Hö2], p. 42)
to detect a regular pseudodifferential structure in Γ0. First of all, we introduce the notion
of global, smooth symbols that is studied in [Hö3], Chapter 18.1.
For positive intergers n and p, for m ∈ R, let Sm(Rn ×Rp) be the set of smooth functions
a on Rn × Rp such that, for all (α; β) ∈ (Nn × Np),

sup
(x;ξ)∈Rn×Rp

⟨ξ⟩−m+|β|
∣∣∣(∂αx∂βξ a)(x; ξ)∣∣∣ < +∞ .

We denote by S−∞ the intersection of all such space Sm.
It is well-known (see Theorem 18.1.6. in [Hö3]) that, if K is the kernel of a pseudodifferen-
tial operator on R3(N−1), the symbol of which belongs to the class Sm(R3(N−1) ×R3(N−1)),
for somem ∈ R, then its singular support must be contained in the diagonal of (R3(N−1))2,
namely

D :=
{
(x;x) ∈ (R3(N−1))2 ; x ∈ R3(N−1)

}
.

According to [Hö3], Chapter 18.1, Γ0 can always be considered as a pseudodifferential
operator. But, from Theorem 1.1, we see that the singular support of γN−1 inside N ×N ′

contains points (x;x′) such that, for all j ∈ D, xj = x′c(j). These points do not belong to
D unless the map c is the identity on D.
These considerations suggest, in the general case, that an appropriate permutation of some
variables should reveal a regular pseudodifferential structure in Γ0. That is precisely what
we are going to show. Let us take a point

(x̂; x̂′) ∈
(
U (1)
N−1 × U (1)

N−1

)
∩ C(2)

N−1
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and consider the map c : D −→ [[1;N − 1]], that is associated to it. Since c is injective,
the sets c(D) \ D and D \ c(D) have the same, finite cardinal (possibly 0). We choose an
arbitrary bijection b : c(D)\D −→ D\c(D). Now, we define a permutation σ of [[1;N−1]]
in the following way: for ℓ ∈ [[1;N − 1]], we set

σ(ℓ) = ℓ , if ℓ ̸∈ (D ∪ c(D)) ; σ(ℓ) = b(ℓ) , if ℓ ∈ c(D) \ D ; σ(ℓ) = c(ℓ) if ℓ ∈ D .

We let σ act on R3(N−1) as

σ · x := (xσ(ℓ))ℓ∈[[1;N−1]] :=
(
xσ(1); · · · ; xσ(N−1)

)
.

It is a linear map and the modulus of its Jacobian is 1. Its inverse σ−1· acts on x as
σ−1 · x := (xσ−1(ℓ))ℓ∈[[1;N−1]], where σ

−1 is the inverse of the permutation σ. We observe

that the maps σ· and σ−1· both preserve the set U (1)
N−1. Let us define an unitary map

U : L2(R3(N−1)) −→ L2(R3(N−1)) by, for f ∈ L2(R3(N−1)), (Uf)(x) := f(σ−1 · x). Now, let
us take cut-off functions χ0 and χ

′
0 as in Section 4. One can check that the kernel of Γ0U

is given by

K(x;x′′) = χ0(x)

∫
R3

ψ(x; y)ψ(σ · x′′; y) dy χ′′
0(x

′′) , (5.1)

if we define the cut-off function χ′′
0 by χ′′

0(x
′′) = χ′

0(σ · x′′). It localises near the point
x̂′′ := σ−1 · x̂′. By the choice of σ, the map c associated to (x̂; x̂′′) is the identity on D.
As we shall see, the composition Γ0U is a pseudodifferential operator, the symbol of
which belongs to some Sm. According to Theorem 18.5.10 in [Hö3], we may choose the
quantisation to see this property. It will be convenient to take the Weyl quantisation. If
L ∈ Ck

c ((R3(N−1))2;C), its Weyl symbol sL is given by, for (x; ξ) ∈ (R3(N−1))2,

sL(x; ξ)

=

∫
R3(N−1)

e−iξ·t L
(
x− t/2; x+ t/2

)
dt =

∫
R3(N−1)

eiξ·t L
(
x+ t/2; x− t/2

)
dt , (5.2)

by the change of variables t′ = −t.

Proposition 5.1. Let p be defined in (1.10). Then the Weyl symbol of the kernel K belongs
to the symbol class S−8−p(R3(N−1) × R3(N−1)). Moreover, if a real q > 8 + p, this symbol
does not belong to S−q(R3(N−1) × R3(N−1)).

Remark 5.2. Our proof of Proposition 5.1 below provides a sequence of symbols such that
the Weyl symbol of K is the asymptotic sum of this sequence, in the sense of Proposition
18.1.3 in [Hö3].
We observe that U acts on the bosonic (resp. fermionic) subspace of L2(R3(N−1)) as a
multiple of the identity operator. Therefore, by Proposition 5.1, the localised version Γ0

of Γ is a pseudodifferential operator with smooth symbol.

Proof of Proposition 5.1: First of all, we check that the treatment of γN−1 that was
performed in Proposition 3.6, Lemma 4.1, Proposition 4.4, Proposition 4.5, Lemma 4.6,
and Lemma 4.7, can be applied to the kernel K.
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In [FHHS3] (see also Theorem 3.1 in [JN]), a decomposition of ψ near a two-particle
collision is provided. Using the change of variables x′ = σ · x′′, such decomposition holds
true for the map (x′′; y) 7→ ψ(σ ·x′′; y). This allows us to follow the proof of Proposition 3.6
in [JN] to get the statement of Proposition 3.6 with γN−1 replaced by K, x̂′ replaced by
x̂′′, V ′ replaced by some neighbourhood V ′′ of x̂′′, and, for j ∈ D, c(j) replaced by j, and
φ̃′
c(j) replaced by the sum of a power series φ̃′′

j in the variables (x′′; y). For j ∈ D, we have

φ̃′′
j (x

′′; y) = φ̃′
c(j)(σ · x′′; y) .

In particular, the valuation of φ̃′′
j w.r.t. the variable x′′j is exactly the one of φ̃′

c(j) w.r.t.
the variable x′j. We thus have on V × V ′′, for some smooth function s,

K(x;x′′) = s(x;x′′) +
∑
j∈D

Kj(x;x
′′) , where (5.3)

Kj(x;x
′′) = χ0(x)

∫
R3

|xj − y| φ̃j(x; y) |x′′j − y| φ̃′′
j(x

′′; y) χ̃j(y) dy χ
′′
0(x

′′) , (5.4)

for j ∈ D. Recall that χ′′
0(x) = χ′

0(σ · x). Let j ∈ D. Set

χ′′
j

(
xj
)

:=
∏

ℓ∈[[1;N−1]]
ℓ ̸=c(j)

χ′
0;ℓ

(
xσ(ℓ)

)
=

∏
q∈[[1;N−1]]

q ̸=j

χ′
0;σ−1(q)(xq)

if N > 2, else χ′′
j = 1. In particular, χ′′

0(x) = χ′
0;c(j)(xj)χ

′′
j (xj).

Since Kj has the same structure as (χ0 ⊗ χ′
0)γ

(j)
N−1, the results of Proposition 4.4, Propo-

sition 4.5, Lemma 4.6, and Lemma 4.7, hold true for Kj in place of γ̃ with the following
changes: k = c(j) is replaced by k = j, n′

k replaced by n′
c(j), χ

′
0 by χ′′

0, χ
′
k by χ′′

j , χ
′
0;k by

χ′
0;c(j), V ′

̸=k by V ′′
̸=j, φ

′
α by φ′′

α and a′α by a′′α, where φ
′′
α(x) = φ′

α(σ ·x), and a′′α(x) = a′α(σ ·x).
We denote by Rj the range of the map W2

j ∋ (x; y) 7→ (x − y; (x + y)/2). It is a neigh-
bourhood of (0; x̂j) = (0; x̂′′j ). Then, for any integer m larger than 4 + nj + n′

c(j), there

exists a function R
(j)
m : Rj × V̸=j × V ′′

̸=j −→ C, that belongs to the class Cm, such that,
for (X;X ′;xj;x

′′
j ) ∈ Rj × V ̸=j × V ′′

̸=j,

Kj

(
X/2 +X ′;X ′ −X/2; xj; x

′′
j

)
− R(j)

m

(
X;X ′; xj; x

′′
j

)
(5.5)

= χj

(
xj
)
χ′′
j

(
x′′j
) ∑

nj≤|α| , n′
c(j)

≤|α′|

4+|α|+|α′|<m

∑
4+|α|+|β|+|α′|+|β′|<m

1

β! β′!

×
(∂y
2

)β+β′(
χ̃j(y) aα(y;xj) a

′′
α′(y;x′′j )

)
|y=X′

× −2π

(6 + 2|α|+ 2|β|+ 2|α′|+ 2|β′|)!

×
(
Pα+β(−∂x)Pα′+β′(∂x) |x|5+2|α|+2|β|+2|α′|+2|β′|

)
|x=X

.

According to (5.2), the Weyl symbol Sj of the operator with kernel Kj is given by, for
(x; ξ) ∈ (R3(N−1))2,

Sj(x; ξ) =

∫
R3(N−1)

eiξ·tKj

(
xj + tj/2;xj − tj/2; xj + tj/2; xj − tj/2

)
dt .



Regularity, 20-07-2025 31

Using (5.4) and a change of variables in the y-integral, we can show that Sj is smooth
(see the proof of Proposition 4.10 in [JN] for details). By the localisation properties of χ0

and χ′′
0, Sj vanishes outside a compact set in the variable x.

Let us consider the term with indices (α; β;α′; β′) and without the numerical factors in
the double sum in (5.5). Its Weyl symbol is given by

S
(j)
α;β;α′;β′(x; ξ)

=

∫
R3(N−1)

eiξ·t χ0;j

(
xj + tj/2

)
χ′
0;c(j)

(
xj − tj/2

)
χj

(
xj + tj/2

)
χ′′
j

(
xj − tj/2

)
×
(∂y
2

)β+β′(
χ̃j(y) aα

(
y;xj + tj/2

)
a′′α′

(
y;xj − tj/2

))
|y=xj

×
(
Pα+β(−∂x)Pα′+β′(∂x) |x|5+2|α|+2|β|+2|α′|+2|β′|

)
|x=tj

dt .

Let χ̃0;j ∈ C∞
c (R3;R) such that χ̃0;j = 1 on the support of χ0;j and χ̃0;jχ̃j = χ̃0;j. Let

χ̃′
0;c(j) ∈ C∞

c (R3;R) such that χ̃′
0;c(j) = 1 on the support of χ′

0;c(j) and χ̃
′
0;c(j)χ̃j = χ̃′

0;c(j). By

Fubini’s Theorem, the previous symbol splits into a product S
(j;∞)
α;β;α′;β′(x; ξ

j
)S

(j;j)
α;β;α′;β′(xj; ξj),

where

S
(j;∞)
α;β;α′;β′(x; ξ

j
) =

∫
R3(N−2)

e
iξ

j
·tj χj

(
xj + tj/2

)
χ′′
j

(
xj − tj/2

)
×
(∂y
2

)β+β′(
χ̃j(y) aα

(
y;xj + tj/2

)
a′′α′

(
y;xj − tj/2

))
|y=xj

dtj

and

S
(j;j)
α;β;α′;β′(xj; ξj) =

∫
R3

eiξj ·tj χ̃0;j

(
xj + tj/2

)
χ̃′
0;c(j)

(
xj − tj/2

)
×
(
Pα+β(−∂x)Pα′+β′(∂x) |x|5+2|α|+2|β|+2|α′|+2|β′|

)
|x=tj

dtj ,

In both integrals, the integrand vanishes outside a compact set. By standart derivation
under the integral sign, we see that S

(j;∞)
α;β;α′;β′ (resp. S

(j;j)
α;β;α′;β′) is a smooth function of

(xj;xj; ξj) (resp. (xj; ξj)). By (5.5), the Weyl symbol (see (5.2)) of the map

(x;x′′) 7→ χ0(x) R
(j)
m

(
xj − x′′j ; (xj + x′′j )/2;xj;x

′′
j

)
χ′′
0(x

′′) (5.6)

is also a smooth function. Since the function R
(j)
m belongs to the class Cm, we can show,

using m times the identity (2.1) with (x; ξ) replaced by (t; ξ), for nonzero ξ, and integra-

tions by parts, that the Weyl symbol of (5.6) belongs to S−m(R3(N−1) × R3(N−1)).

We further observe that the function S
(j;∞)
α;β;α′;β′ vanishes outside a compact set in the vari-

able x and so does S
(j;j)
α;β;α′;β′ outside a compact set in the variable xj.

Using repetitively the identity (2.1), with (x; ξ) replaced by (ξ
j
; tj) with nonzero ξ

j
, and

integrations by parts, we see that S
(j;∞)
α;β;α′;β′ ∈ S−∞(R3(N−1) × R3(N−2)).

We now claim that S
(j;j)
α;β;α′;β′ ∈ S−(8+|α|+|β|+|α′|+|β′|)(R3×R3). This property will imply that
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the symbol S
(j)
α;β;α′;β′ belongs to the class S−(8+|α|+|β|+|α′|+|β′|)(R3(N−1) × R3(N−1)).

We first use (4.24) in Lemma 4.6 to write, for some (α; β;α′; β′)-dependent constant c,

S
(j;j)
α;β;α′;β′(xj; ξj) = c

∫
R3

eiξj ·tj χ̃0;j

(
xj + tj/2

)
χ̃′
0;c(j)

(
xj − tj/2

)
×
∫
R3

eitj ·η Fα+β(η)Fα′+β′(−η) dη dtj

+ c

∫
R3

eiξj ·tj χ̃0;j

(
xj + tj/2

)
χ̃′
0;c(j)

(
xj − tj/2

)
S(tj) dtj .

Since the function S is smooth, we can check, using the identity (2.1), with (x; ξ) replaced
by (ξj; tj) and integrations by parts, that the last integral belongs to S−∞(R3 × R3). By
Fubini’s theorem, we rewrite the previous double integral as

c

∫
R3

Fα+β(η)Fα′+β′(−η)

×
∫
R3

ei(ξj+η)·tj χ̃0;j

(
xj + tj/2

)
χ̃′
0;c(j)

(
xj − tj/2

)
dtj dη

= c

∫
R3

Fα+β(η
′ − ξj)Fα′+β′(ξj − η′) sj(η

′) dη′ , (5.7)

where sj(η
′) :=

∫
R3

eiη
′·tj χ̃0;j

(
xj + tj/2

)
χ̃′
0;c(j)

(
xj − tj/2

)
dtj .

Using again (2.1), with (x; ξ) replaced by (η′; tj) and integrations by parts, sj satisfies

∀ k ∈ N , ∃ ck > 0 ; ∀ η′ ∈ R3 \ {0} , |η′|k |sj(η′)| ≤ ck . (5.8)

Take ξj ∈ R3 with |ξj| ≥ 1. By (5.8) and the boundedness of the functions Fγ (cf. (4.8)),
the contribution to the integral (5.7) of the region {η′ ∈ R3; |η′| ≥ |ξj|/2} is bounded
above, for all k ∈ N, by 2kck|ξj|−k times the L∞-norm of Fα+β times the one of Fα′+β′ .
For the contribution of the complement, we use the Taylor expansions with exact integral
remainder

Fα+β(η − ξj) = Fα+β(−ξj) +

∫ 1

0

∇Fα+β(rη − ξj) · η dr

and

Fα′+β′(ξj − η) = Fα′+β′(ξj) −
∫ 1

0

∇Fα′+β′(ξj − rη) · η dr

to get ∫
|η|≤|ξj |/2

Fα+β(η − ξj)Fα′+β′(ξj − η) sj(η) dη

= Fα+β(−ξj)Fα′+β′(ξj)

∫
|η′|≤|ξj |/2

sj(η) dη + R(ξj)

such that |R(ξj)| ≤ d|ξj|−9−(|α|+|β|+|α′|+|β′|), for some ξj-independent constant d > 0,
thanks to (4.8). Thus∫
|η|≤|ξj |/2

Fα+β(η−ξj)Fα′+β′(ξj−η) sj(η) dη = Fα+β(−ξj)Fα′+β′(ξj)

∫
R3

sj(η) dη + R′(ξj)
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where R′ satisfies the same estimate as R, thanks to (5.8). Using (4.8) again, we obtain
that, uniformly w.r.t. xj,

S
(j;j)
α;β;α′;β′(xj; ξj) = c |ξj|−8−(|α|+|β|+|α′|+|β′|)

∫
R3

sj(η) dη + O
(
|ξj|−9−(|α|+|β|+|α′|+|β′|)) .

Now, we observe that we may apply the above argument to any partial derivative of the
function S

(j;j)
α;β;α′;β′ . This proves the claim.

Coming back to Sj, we use (5.5) and the previous results for an integer m > 8+nj +n
′
c(j)

to get Sj = S0
j + R where R ∈ S−9−nj−n′

c(j)(R3(N−1) × R3(N−1)) and S0
j is given, up to a

multiplicative nonzero constant, by

S0
j (x; ξ) =

∑
|α|=nj,

|α′|=n′
c(j)

χ̃j(xj) χ̃0;j(xj) χ̃
′
0;c(j)(xj)Fα(−ξj)Fα′(ξj)

×
∫
R3(N−2)

e
iξ

j
·tj χj

(
xj + tj/2

)
χ′′
j

(
xj − tj/2

)
× aα

(
xj;xj + tj/2

)
a′′α′

(
xj;xj − tj/2

)
dtj

= χ̃0;j(xj) χ̃
′
0;c(j)(xj)

∫
R3(N−2)

e
iξ

j
·tj χj

(
xj + tj/2

)
χ′′
j

(
xj − tj/2

)
×

∑
|α|=nj

Fα(−ξj) aα
(
xj;xj + tj/2

)
×

∑
|α′|=n′

c(j)

Fα′(ξj) a′′α′
(
xj;xj − tj/2

)
dtj .

In particular, Sj ∈ S−8−nj−n′
c(j)(R3(N−1)×R3(N−1)). Assume that, for some q > 8+nj+n

′
c(j),

Sj ∈ S−q(R3(N−1)×R3(N−1)) then S0
j must vanish identically. This means that, on a small

neighbourhood of (x̂; x̂′′), the above Fourier transform is zero. Since the Fourier transform
is injective, the product of the two sums must vanish identically as well. Each sum being
real analytic, one of them must be zero. By Lemma 4.3, this implies that either all the
functions aα, with |α| = nj, vanish near x̂ or all the functions a′′α′ , with |α′| = n′

c(j), vanish

near x̂′′. As in the end of the proof of Lemma 4.7, this contradicts the definition of nj or
the one of n′

c(j).

By (5.3), we see that the Weyl symbol of K belongs to S−8−p(R3(N−1) × R3(N−1)). Let
ℓ ∈ D \ {j}. We saw that the nonzero S0

j and S0
ℓ have different asymptotics as |ξ| → ∞.

Therefore any term in the sum in (5.3) cannot be compensated. Since these terms do not
belong to S−q(R3(N−1) × R3(N−1)), so does the Weyl symbol of K.

Appendix.

For completeness, we prove in this appendix Lemma 2.1 and Lemma 4.3.

Proof of Lemma 2.1: Recall that, for the integrable function g : Rd −→ C, its Fourier
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transform Fg is given, for ξ ∈ Rd, by (2.3), namely

Fg(ξ) =

∫
Rd

e−i ξ·x g(x) dx . (A.9)

1. Since g is continuous and compactly supported, we can derivate indefinitely many
times w.r.t. to ξ through the integral in (A.9). This shows that Fg is smooth.
Since g belongs to the class Ck

c , we can integrate by parts k times in (A.9), thanks
to the identity (2.1). This leads to

Fg(ξ) = |ξ|−k

∫
Rd

e−i ξ·x gk(x) dx

for some compactly supported, continuous function gk. Since the latter integral is
bounded w.r.t. ξ, we get the desired result.

2. By assumption, F is integrable on Rd. Thus, we can recover g from Fg by the Fourier
inverse formula (2.5): for x ∈ Rd,

g(x) = (2π)−d

∫
Rd

ei ξ·x Fg(ξ) dξ . (A.10)

By assumption, the partial derivatives of (x; ξ) 7→ ei ξ·x Fg(ξ) w.r.t. x up to order
E(r) are ξ-integrable thus, by Lebesgue’s derivation theorem, we can continuously
differentiate E(r) times under the integral sign in (2.5) yielding the CE(r) regularity
for g.

Proof of Lemma 4.3: Let n ∈ N. Assume that the map

R3 ∋ ξ 7→
∑
|α|=n

cα Fα(ξ) ,

for complex coefficients cα, is zero identically. Since the Fourier transform is injective, the
map

R3 ∋ x 7→
∑
|α|=n

cα |x|xαχ
(
|x|
)

(A.11)

is also zero identically. Thus the real analytic map

R3 ∋ x 7→
∑
|α|=n

cα x
α

is zero identically on the non-empty open set {x ∈ R3 \ {0}; χ(|x|) = 1} and therefore
everywhere. Since the homogeneous polynomials x 7→ xα, for |α| = n, are lineary inde-
pendent, all the cα are zero. Thus, the functions Fα are lineary independent.
Assume that the map

R3 ∋ ξ 7→
∑
|α|=n

cα Pα(ξ) ,
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for complex coefficients cα, is zero identically. By Lemma 4.2, we thus have, for |ξ| ≥ 1,∑
|α|=n

cα Fα(ξ) = O
(
|ξ|−5−n

)
.

By Lemma 2.1, the function (A.11) belongs to Cn+1. By Lemma 3.4, this function must
be zero identically near 0. By a previous argument, this shows that all the cα are zero,
yielding the linear independence of the Pα, for |α| = n.

Data availability and conflict of interest statements. Data sharing is not applicable to
this article as no new data were created or analysed in this study. The authors have no
competing interests to declare that are relevant to the content of this article.
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