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1 Introduction.

Motivated by the Density Functional Theory (DFT) (cf. [E, |), we aim, as in [JN],
to study the regulartity of some specific object that is associated by the DFT to an
electronic bound state of a molecular, Coulombic Hamiltonian with fixed nuclei and N
electrons (with N > 1). In the past, many results proved the real analyticity on large
domains of the electronic (reduced) density matrices, that are associated to such a bound
state: see | , , , J1, J2]. Are these results optimal? More precisely, is
the real analyticity of these matrices valid on a larger domain? We refer to [J2] for a
review on the proofs of the real analyticity of these matrices and to [JIN] for a review of
results on their optimality and of strategies to treat it.

In [JN], for the (N — 1)-particle reduced density matrix (defined in (1.3)) (actually, the
conjugate was considered but this does not affect the results), it was proven that the real
analyticity breaks down near some points of the boundary of the domain on which its real
analyticity is known. It was even shown that the (/N — 1)-particle reduced density matrix
cannot be smooth near such points and one has some information on its regularity there.
In the present paper, we improve the results in [J\N] in two directions: we enlarge the
set of points where the non-smoothness of the (N — 1)-particle reduced density matrix is
proven and, more importantly, we determine its regularity (in the sense defined below)
near those points. In particular, we address the problem of a “fifth order cusp” for the
(N — 1)-particle reduced density matrix, that appears in the literature in Chemistry (cf.
[C'1, C2]). See also [He].

We point out that the lack of smoothness of density matrices is studied with another point
of view in [HS2, , S02].

As in [JN] and for the same reason, our method allows us to treat the (N — 1)-particle
reduced density matrix only. We believe that the extension of the present results to other
reduced density matrices or reduced densities is a quite involved task.

Let us first present our framework. We consider a molecule with N moving electrons, with
N > 1, and L fixed nuclei, with L > 1 (according to Born-Oppenheimer idealization). The

L distinct vectors Ry,---, Ry € R? represent the positions of the nuclei. The positions
of the electrons are given by z1,--- ,2y € R3. The charges of the nuclei are respectively
given by the positive Z1, - -+, Z;, and the electronic charge is set to —1. The Hamiltonian

of the electronic system is

N L
Ho= 3 (8 = X a4k -Rd) + 3 lm=ayl™ + B, (LD
j=1 k=1 1<G<G’'SN
where £, = Z ZxZw| Ry — Ry | ™!
1<k<k'<L

and —A,; stands for the Laplacian in the variable z;. Here we denote by |- | the euclidian
norm on R3. Setting A := Zjvzl Ag;, we define the potential V' of the system as the
multiplication operator satisfying H = —A 4+ V. It is well-known that the Hamiltonian
H is a self-adjoint operator on the Sobolev space W22?(R3Y). Let us now fix an electronic
bound state ¢ € W22(R3V) \ {0} such that, for some real F, Hy) = Ei (there does exist
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such a state, see [['H, Si, 7Z]).
Associated to that bound state v, we consider the following notions of electronic density
(see [E, Le, , L.5c]). Let k be an integer such that 0 < k < N. Let p; : (R*)* — R be
the almost everywhere defined, L!(R**)-function given by, for z = (z1;--- ;2;) € R,
pr(z) = / (x5 y)| " dy . (1.2)
R3(N—k)

It is called the k-particle reduced density.
Define also 75, : (R?)%* — C as the almost everywhere defined, complex-valued function
given by, for z = (z1;--- ;) € R3* and 2/ = (2];--- ;7)) € R3¥,

Yz 2') = /R . V(x5 y) (s y)dy . (1.3)

It is called the k-particle reduced density matriz.

Thanks to Kato’s important contribution in [K], we know that the bound state 1 is in fact
a continuous function. Therefore, the above densities p; and ~; are actually everywhere
defined and continuous, and satisfy p(x) = v (z; x), everywhere.

We need to introduce the following subsets of R?*. Denoting for a positive integer p by
[1;p] the set of the integers j satisfying 1 < 7 < p, the closed set

Co = {z=(1;-- ;2) €R*; 3(j;§) € [LK])*; j # 5 and zj = ;0 } (1.4)

gathers all possible collisions between the first k£ electrons. We describe such collisions as
“internal electronic collisions”. The closed set

Ry = {x=(x1;a) eR¥; Fj e [Lk],3 € [1;L]; z; = R} (1.5)
groups together all possible collisions of these k electrons with the nuclei. We set
u,ﬁl) = R3k\ (Ck URk) s (16)

which is an open subset of R3*.

The set of all possible collisions between particles is then Cy U Ry and the potential V'
is real analytic precisely on R3V \ (Cy U Ry). Classical elliptic regularity applied to the
equation Hv = E1) shows that 1 is also real analytic on R3" \ (Cy URy) (cf. [H01]). A
better regularity for v is not expected (and false in some cases), therefore such a regularity
for pr and 4 is not clear. It is however granted on some appropriate region.

We also need to consider two sets of positions for the first k£ electrons and introduce the
set of all possible collisions between positions of differents sets, namely

) (z;2)) € (R**)?; &= (wy;-+-521), 2’ = (2l 5 24),
c? = : (1.7)
;") € [L k] @y =,

A point (z;2') € (R3)? with k& > 2 such that x; = x5 = x| does belong to C,(f). Such a
point “contains” an internal electronic collision, namely x; = x5. For any 0 < k£ < N, we
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say that a point (z;2') € C,?) represents an (several) “external electronic collision(s)” if no
internal electronic collision occur in z nor in z’. Therefore, the set of so called “external
electronic collisions” is given by (U, (1) X u,ff)) N C,(f)
We introduce the open subset of (R3*)? defined by

U = U x U\ c®

The above mentioned, known regularity results may be summed up in the followmg way:
for any 0 < k < N, the k-particle reduced density py is real analyt1c on 2/{ and the

k-particle reduced density matrix 7 is real analytic on L{,EQ = (L{k k DY\ C,iQ) (see
[ , , , J1, J2]). Note that, for each k, the smoothness of p; implies the

smoothness of the map u,ﬁ” >z Y(z;z).

Now, we focus on the matrix v, for £ = N — 1 and want to determine its regularity near
a point

(;2') € (ul(\})ﬂ x UJ(\})—l) A CJ(\?)A ;
that represents an (several) external electronic collision(s). What do we precisely mean by
‘regularity’? We use the usual class of (integer) regularity C? with p € N (see Section 2).
We do not consider Holder spaces. For a positive integer d, we define the regularity
of a continuous map f : RY — C near a point 2, € R? by the integer p if, on some
neighbourhood U of xg, the function is in the class CP but, for all neighbourhood V' of z
such that V C U, f does not belong to the class CP*! on V.
Let us take a point

(&8 = (&5 3880 @5 @v_y) € UG, xu( ) nel .

Our study crucially relies on a special decomposition of the bound state i) near a two-
particle collision that was obtained in | ]. We use such a decomposition near a
nucleus-electron collision as well as near an electron-electron collision. This allows us to
split the matrix yy_1, on a vicinity V of the point (Z;2'), up to some additive smooth
contribution, into an appropriate, finite sum of integrals on regions ) of R? such that, on
a neighbourhood of # times ) and on a neighbourhood of 2’ times ), the bound state
1 may be decomposed as in | |. Let us describe this result, that was obtained in
Proposition 3.6 in [JN], in more precise terms (see Proposition 3.6 below for details).
The set of collisions of (2;) is given by

G = {(G:f) e N=1]"; & = &} .

Each collision is an external one since T € LIJ(V})_l and 2’ € Z/{N_l. Let D be the subset of
[1; N — 1] built of those j such that there exists j' with (j;j') € G. For j € D, there is
a unique integer k € [1; N — 1] such that £; = &} and this k& is denoted by ¢(j). This
defines a map ¢: D — [1; N — 1] and

G = {(jie(j) € [ N —1]*; j € D}
For (z;2') = (z1;-++ ;xn_1; 245+ -+ ;2y_,) in some vicinity V of (Z;2'), we can write

Y- = > W) + s(za), (1.8)

j€D
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where s is some smooth function and where, for 5 € D,

W(z2) = . U(z;y) (2 y) dy (1.9)

over some bounded region Y); of R3. For each j € D, on Y;, there is an electron-electron
collision at y = 2, for the first state ¢ in (1.9), there is an electron-electron collision at
y = &,; = &; for the second state ¢ in (1.9), and both states ¢ can be decomposed as in
[FHHS3]

Since the special state decomposition in | ] is known at two-particle collisions only,
one has to ensure that the two copies of the state ¢ in the integral defining 7y (cf. (1.3))
only “see” two-particle collisions. This forces & = N — 1 and requires that 2 and 2’ do not
contain internal electronic collision (see Remark 3.7 in [JN] for details).

In [JN] (Section 3), supplementary information on the special state decomposition was
given. This information is of great importance for the study of the regularity in [JN] and
also here. For the collision between the variable z; (resp. /, (j)) and the last variable zy
at @; (resp. 7, ), it is described by some nonnegative integer n; (resp. ny; ), that we
call the relevant valuation of this collision (see Definition 3.2 and just before Lemma 4.1
for details).

Usm% the Fourler transform, we shall be able, for each j € D, to determine the regularity
of ny , near (&;2') in terms of n; and nc(j). Then, we obtain the regularity of yy_; from
(1.8). The Fourier transform was already the main tool in the analysis in [JN]. Here we
actually refine this analysis by an appropriate use of the inverse Fourier transform. This
leads to

Theorem 1.1. Consider a bound state v of the N-electron, molecular Hamiltonian (1.1)
(with N > 1) and the associated (N —1)-particle reduced density matriz yy_1. Let (2;2') €

UP, xuP )nel . Let
p = mm{nj—I—n() jED}. (1.10)

There exist a neighbourhood N of &, a neighbourhood N of 3’, a function S : N x N' —
C that belongs to C**?, and, for j € D, for all « € N* with |a| = n;, for all o/ € N? with

o] = nC(J) real analytic functions @..;, defined near &, real analytic functions go’a,,c(j),
defined near &', such that, for (z;2') € N x N,
wolza) = Y Ti(za) + S(za)), (1.11)
j€D

where, writing x = (x;;z;) and 2’ = (x4 T, ;)

Tj(z;2') (1.12)
—16m
~ (6+2n, + 20/ o) Y e (@54 20) /2:85) Do (25 + 25)) [ 2: 24 5)
c la|=mn;
la/| =n

% (Pal=02) Pur(07) o202 ) ,

/
T=T;—I .
le=aj—z ;)
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where, for 3 € N3, the functions Py are some universal homogeneous polynomials of degree
|B]. In particular, the regularity of each T; near (Z;1') is precisely 4 + n; + n’c(j) and the
reqularity of yny_1 near (2;2') is ezactly 4 + p.

Moreover, for all j € D, the real analytic functions @,.; can be extracted from the special
decomposition of the state 1 near the two-particle collision at (Z;2;) and the real analytic
functions 90:1;1;(;') can be extracted from the special decomposition of the state v near the
two-particle collision at (Z'; ;) with

ey) ~ -

Remark 1.2. Several comments on this result can be made.

1. The functions @q.; (resp. @;,;C(j)) come from the special state decomposition of
/ | for the electron-electron collision of the variables x; (resp. xy;)) and Ty
at T;. See [ |, Proposition 3.1, Remark 3.3, and the formulae (4.4) and (4.5).

2. The family Py for B € N? is related to the iterated derivatives of the function R?\
{0} 3 € €7 See (4.9) for details.

3. Each term T} is actually smooth w.r.t. the variables x; and g’c(j). The limitation of
its reqularity comes from the last factor and takes place on the collision set {(x;z') €
N x N x; = :v:,(].)}. Outside this set, T; is smooth w.r.t. all variables. To find the
regularity of T;, we make use Lemma 3.4 in [JN] (see Lemma 3.4 in the present
text).

4. The term T; describes the behaviour of the 7%11 (cf. (1.9)) that “contains” a collision
of the variables x; and xn for the first copy of ¥ and a collision of variables :U’C(j)
and xn for the second copy. While the reqularity of T is 44n; —|—n’c(j), it was shown
in [IN] (¢f. Proposition 3.3) that the regularity of the first copy (resp. the second
copy) near the collision is n; (resp. n’c(j)).

5. The lack of smoothness of the density matriz yn—1 in N x N takes place on
{(z;2)) e N x N'; 3j € D; wj = iy} C CRL,

6. Lower and upper bounds on the reqularity of the density matrix vn_1 was provided
in [IN] (¢f. Proposition 5.1 and the proof of Theorem 1.2), only in the case & = 7'

7. If p =0 then the density matriz yx_1 has a “fifth order cusp” at (2;2'). Indeed, the
lack of smoothness of the density matriz yy_1 there is due to terms containing a
factor |x; — xg(j)|5. In the case N = 2, independently of the value of p, our result is
consistent with the result obtained in [He] and improves it.

8. If we consider a bosonic (resp. fermionic) bounded state 1), it turns out that all n;
and ny; are even (resp. odd) by Proposition 5.5.

9. In the fermionic case, the density matriz yx_1 belongs to the class C® near (z;').
In the comparison with the results in [C'1, C2] when N = 2, one should be careful,
since we discard spin here.
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10. We point out that our proof of Theorem 1.1 relies on rather elementary arguments.
It actually gives a more precise result. For any integer m > 4+ p, there exists some
function S,, and, for all j € D, “explicit” functions Tj.,, such that (1.11) holds true
with S replaced by Sy, and each T; by Tj.,,. Each T, is related to the special state
decompositions mentioned in 1. See (4.27).

As a consequence of Theorem 1.1, we now give a result on the operator I' with kernel
Yn_1, viewed as bounded operator from L2(R*™=1) to L2(R3W™-Y). Since Theorem 1.1
provides local information near a point (Z; ') € (U](\})_l X UJ(\})_I) nC,, our second result
concerns a “localisation” of I'. For appropriate cut-off functions y and y’, that localise
near 2 and 2’ respectively, we consider yI'y’, that is the composition of the multiplication
by x’, the action of I', and the multiplication by . Our second result states that there
exists a unitary transformation U on L2(R3™ =) such that xI'y'U is a pseudodifferential
operator, the symbol of which belongs to a classical class of smooth symbols (see [[153],
p. 65). This was shown in [JN] (cf. Proposition 4.10 and Section 5.2) only in the case
2 = 2’ (U being the identity) and the present result is more precise, as far as the symbol
class is concerned. Thanks to the structure of U, we can even show that yI'x’ acts on
“bosons” (resp. “fermions”) as a pseudodifferential operator with smooth symbol. We refer
to Section 5, Proposition 5.1, and Remark 5.2 for details.

As already pointed out, our results rest on the special decomposition of the bound state
Y at two-particle collisions, that was derived in | ]. If one can extend this decom-
position to other collisions, preserving its “analytic” structure, one can reasonably hope
to use the arguments of the present paper to get a precise information on the regularity
of all the densities p; and all the density matrices ~; at collisions.

The paper is organized as follows: In Section 2, we introduce some notation and recall
well-known facts on electronic bound states. In Section 3, we recall known results on

two-particle collisions, in particular the special decomposition from | |, and focus
on two-electron collisions. We also recall the decomposition (1.8) for the matrix yn_1,
that was obtained in [JN]. Section 4 is devoted to the Fourier analysis of appropriate

localisations of vyy_; leading to our proof of Theorem 1.1. In Section 5, we extract from
appropriate localisations of I" a smooth pseudodifferential structure. We provide technical
results and proofs in an Appendix at the end of the paper.

Acknowledgments: The author warmly thanks Sébastien Breteaux, Jérémy Faupin, and
Victor Nistor, for fruitful discussions and advice.

2 Notation and well-known facts.

We start with a general notation. We denote by R the field of real numbers and by C the
field of complex numbers.

Let d be a positive integer. For u € R? we write |u| for the euclidian norm of u and
we denote by “” the corresponding scalar product. Given such a vector v € R% and a
nonnegative real number r, we denote by B(u;r[ (resp. B(u;7r]) the open (resp. closed)
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ball of radius r and centre u, for the euclidian norm | - | in R%

In the one dimensional case, we use the following convention for (possibly empty) in-
tervals: for (a;b) € R? let [a;b] = {t € Rja < ¢t < b}, [a;0]= {t € R;a < ¢ < b},
la;b) = {t € Rya <t < b}, and Ja; b[={t € R;a <t < b}.

We denote by N the set of nonnegative integers and set N* = N\ {0}. If p < ¢ are
non negative integers, we set [p;q] := [p;q] NN, [p;q[ = [p; ¢[NN, [p; q[ =Ip; ¢["N, and
[p; q] :=]p;q] NN

Given an open subset O of R? and n € N, we denote by W™?(O) the standard Sobolev
space of those L2-functions on O such that, for n’ € [0;n], their distributional partial
derivatives of order n’ belong to L?(O). In particular, W%2(0) = L?(0). Without ref-
erence to O, we denote by || - || (resp. (-,-)) the L>-norm (resp. the right linear scalar
product) on L?(0).

On R?, we use a standard notation for partial derivatives. For j € [1;d], we denote by
0 or O, the j’th first partial derivative operator. For a € N? and x € R?, we set DY :=
(—i0)™ 1= (=10, ) - -+ (—10y,), Dy = —iVy, x* := x1"---x3%, |a] == g + -+ + aa,
al = (a!) - (ag), X2 =x2+ - +x3 and (x) := (1 + [x[*)'/2. Given (o; 3) € (N9)2,
we write a < §if, for all j € [1;d], a; < B;. In that case, we define the multiindex
B —a = (B — aj)jepa € N

We choose the same notation for the length |a| of a multiindex o € N and for the eu-
clidian norm |x| of a vector x € R? but the context should avoid any confusion.

For k € NU {oo}, we denote by C¥(O) the vector space of functions from O to C which
have continuous derivatives up to order k and by C¥(O) the intersection of C*(O) with
the set of functions with compact support in O. If a function f satisfies f € C¥(O) with
k € NU{oo}, we often write for this that the function f belongs to the class C* on O. In
the case k = oo, we also write that f is smooth on O if f € C>*(0O).

Let xg € O. For all @ € N% let a, € C and fy,.o : O — C be defined by fy,.a(x) =
aq(x —x0)* The associated power series ) ya fxoia is the sequence of functions on O

of the form
Y fae

d
aeN?, |a|[<N NeN

Let U be the set of the x € R? such that the previous sequence at x converges in C. The
set U contains at least xg. The sum of this power series is the map ¢ : U — C defined

VxeU, ¢kx) = ]\}'gnoo Z fxoa(x) = ]\};n;o Z ao(x —x0)% .
aeNd |a|<N aeNd |a|<N

A function f : O — C is real analytic if, for any xy € O, there exists some neighbourhood
U of xq such that f coincides on U with the sum of some power series i fxo;a- Real
analytic functions on O are smooth on O. We say that a real analytic function f is zero if
it is the zero map on its domain of definition (i.e. if it is identically zero) and write f =0
in this case. If this is not the case, we write f # 0. We refer to [Ca, ] for details on
the (real) analyticity w.r.t. several variables.

We shall frequently use standard “continuity and partial derivation under the integral
sign”. See [D, M] for details.
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Integration by parts in integrals will be used and often combined with identities of the
following types:

V(z;:€) € RY x (R\ {0}) , —i& LV, et = it 2.1)
and

V(z;§) eRYx R, ()7(1 + (1/i)€-V,) " = 7. (2.2)

We shall make use of the usual Fourier transform on R?. Given an integrable function
g : R? — C, its Fourier transform is the continuous, bounded map F, : R? — C defined
by

VEERY, F, () = / e 8% g(x) da (2.3)
Rd
while its inverse Fourier transform is the continuous, bounded map F gi : R —s C defined
by
d i _ —d ita
VEERY, F (&) = (2m) /Rd e~ g(x)de . (2.4)

If F, is integrable then ¢ is continuous and is given by the inverse Fourier transform of
F,, that is

VeeRY, g(x) = (2m)™ /Rd et F (&) dE . (2.5)

We shall use the following elementary lemma, that is a slightly modified version of Lemma
4.4 in [JN].

Lemma 2.1. Let d € N* and k € N. Let g : R? — C be an integrable function. We
denote by F, its Fourier transform. Given a real v, we denote by E(r) the integer part of
r, that is the biggest integer less or equal to r.

1. If the function g : R? — C belongs to the class C* and is compactly supported then
F, is smooth and there exists C > 0 such that, for all £ € R with |£] > 1,

|F,(6)] < Cle™.

2. Assume that the function F, : R? — C belongs to the class C° and satisfies, for
some real v > E(r) > 0 and some C > 0, for all ¢ € R® with |£] > 1,

[F,(6)] < C g7

Then the function g : R — C belongs to the class CF).

We shall also exploit another elementary, but important lemma, namely

Lemma 2.2. [IN] (Lemma 4.5). Let ¢ € N and f : R® 2 z + |z]*7™ - 7(|z|) where
7 € C®(R) such that 7 = 1 near 0. Then, its Fourier transform Fy is a real analytic,
bounded function on R3, which is given, for &€ # 0, by

4 [

Fi(&) = H i 7(r) r?772 sin(r|¢|) dr . (2.6)
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It has the following behaviour at infinity:

VaeN* 30, >0; Ve e R {0},

FFO] < CalglHl @)
Furthermore, there exists a smooth function G : R3\ {0} — R such that, for £ # 0,
Fi(§) = 4n(=1)""((20+2)!) g~ + G(©)

and such that, for all k € [4 +2q + 1; +oo] and a € N3,

3Cia > 0; VEERM\ {0}, [0°G()] < Cra g7 (28)
Proof: The case ¢ = 0 was stated and proved in [JN]. The proof there actually extends
to the general case. By Theorem 7.1.14 in [H02], F is real analytic. O

Thanks to Hardy’s inequality

Je>0; VfeWH(RY), / [t172 | f(t)Pdt < c/ IV f(t)[*dt,
R3 R3

one can show that V' is A-bounded with relative bound 0. Therefore the Hamiltonian H
is self-adjoint on the domain of the Laplacian A, namely W%?(R3") (see Kato’s theorem
in [R52], p. 166-167). We point out (cf. [Si, Z]) that a bound state ¢ exists at least for
appropriate E < FEy (cf. [F11]) and for N < 1+ 225:1 Zy. A priori, it belongs to the
Sobolev space W22(R3Y) | a space that contains non-continuous functions. But, as shown
in [I<], ¢ is actually continuous. Since the integrand in (1.2) (resp. in (1.3)) is integrable
and continuous, a standard result on the continuity of integrals depending on parameters
shows that py (resp. 7) is everywhere defined and continuous.

Finally we recall further, well-know properties of a bound state of H (see Section 2 in

[JN] for details).

Proposition 2.3. Recall that C (resp. Ry) is defined in (1.4) (resp. (1.5)). The bound
state 1 is a continuous function that also belongs to the Sobolev space W22(R3*N). On the
open set R3N\ (CyURN), v is a real analytic function. Take a subset & of R3V\ (CyURN)
such that its distance to the collisions set Cy UR N is positive. Then any partial derivative
of 1 belongs to L2(E). For any non-empty open set O of R3N | the bound state v does not
vanish identically on O.

3 Two-electron collisions.

In this section, we recall several results, that were obtained in [J\N] and are based on the
special state decomposition at a two-particle collision from | |. We first focus on
two-particle collisions of electrons and introduce the notion of relevant valuation associated
to the collision. Then we present the decomposition (1.8) of yy_; in details. We use basic
notions of real analytic functions of several variables (see [Ho1]).
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Proposition 3.1. [JN] (Proposition 3.3).

The set Ry being defined in (1.5), we consider a point 2 = (21; -+ ; 2n) € RN\ Ry such
that there exists an unique (j; k) € [1; N]* such that Z; = 2, and j # k. According to
(1.4), z € Cy and a two-electron collision occurs at z. Then there exists a neighbourhood

Q of 2 in RN and two sums of power series @1 and @, on § such that, setting z =
(215 -+ ; 2n) € RN,

V2eQ, v(z) = ¢1(2) + (1/2) |z — 2| ¢2(2) . (3.1)

Furthermore, the function ¢o is not zero. Both functions ¢, and @o are uniquely deter-
maned by 1 and the two-electron collision Z.

In this situation, the nonzero function ¢, may vanish on the collision set {z € ; z; = z;}.
If it does, it will be important to describe how it vanishes. For instance, is it like |z; — 2|
or like |z; — z;|*? To this end, we use the notion of relevant valuation at the two-electron
collision Z, that was introduced in Definition 3.2 in [JN].

Given a nonzero, real analytic function ¢ in several variables z = (zy; -+ ; 2y) € R3V | it
may be written, near any point Z = (Z1; --- ; Zy) of its domain of analyticity, as the sum
of a power series in the variables ((z; — 21); -+ ; (2x — 2n)). For j € [1; NJ, this sum

may be rearranged in the following form

0(2) = D eal(mhis) (7 — £)%, (3.2)

a€eN3

for sums ¢, of appropriate power series in the variables z; with k£ # j. Since the function
¢ is nonzero, so is at least one function ¢,. This means that the set {|a|; a € N2, ¢, # 0}
is a non empty subset of N. By definition, the valuation of ¢ in the variable z; at Z is the
minimum of this set. When ¢ is zero, we decide to set its valuation in the variable z; at
z to —o0.

Definition 3.2. Let 2 = (21; -+ ; Zy) € Cy \ Ry as in Proposition 3.1. We introduce new
variables by setting, on Q, 30 = zo, if 0 & {7:k}, 3; = (25 — 2)/2, and 3 = (2 + 2x) /2.
Replacing each z; by 2;, we similarly define the 3, from z; and set 3 = (315 --- ; jn). The
sum of a power series Qo on ) may be rewritten as 3 — pa(3), for 3= (él; cee s le) in
some neighbourhood of 3 and for some sum of a power series o near . In that case, we
define the relevant valuation of the two-electron collision at 2 as the valuation of s in
the variable 3; at 3.

Remark 3.3. Under the assumptions of Proposition 3.1, we can use the new variables,
introduced in Definition 3.2, to rewrite (3.1) as

Ve Q, ¥(z) = ¢i(3) + [3] ¥2(3) (3-3)
where, if 7 < k,
Y(z) = ¢(51;"' 13j—15 3k T 35335415 3 3k—15 3k — 355 3k+15 """ ;3N)

and where @1 and @y are sums of a power series. We observe that, when z runs in €2, the
variables (3i)eg(j;ey Tuns in some neighbourhood of (Zi)eg(j.ky, while the variable 3; runs
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in some neighbourhood of 0 and the variable 3; runs in some neighbourhood of Z; = 2.
For simplicity, we set, for z € Q and j < k,

(Zj; 2k Zj;k) = (21; Tt R—1s R Rl 3 Rk—1y Rk Rkl ;ZN)
where Zjx = (20)eg (k-

In the framework of Proposition 3.1, it was proved in [JN] (cf. Proposition 3.3) that, if
n denotes the relevant valuation of the two-electron collision, then the regularity (in the
above sense) of the bound state 1 near this collision is exactly n. This was derived from
the following result, that we shall use here also.

Lemma 3.4. [IN]|(Lemma 3.4).

Let W be a bounded neighbourhood of 0 in R3 and ¢ : W — C be a nonzero real analytic
function with valuation ¢ € N (w.r.t. its 3-dimensional variable in the above sense). Then
the function N, : W 3 x — |z| p(x) € C belongs to the class C? but does not belong to the
class CTT1 . Furthermore, any partial derivative of order ¢ + 1 of N, is well-defined away
from zero and bounded.

It was claimed without proof in [JN] (cf. Remark 3.5) that, if the state v is bosonic (resp.
fermionic) then so are the functions ¢; and ¢y appearing in Proposition 3.1 and therefore
the relevant valuation of the two-electron collision is even (resp. odd). We now prove
this.

Recall that the bound state v is bosonic if it is invariant under any exchange of two
electronic coordinates, that is, for the exchange of z; and z,

¢(21; TR =1y Rk 4Lyt Rk—15 B Rk41y ;ZN)
= ¢(Z1; TR =1y B3 Rj41yt y Rk—15 Rk Rk41y ;ZN) ) (3-4)
for all (z1;--- ;2x) € (R*)N. It is fermionic if any exchange of two electronic coordinates

changes its sign, that is, for the exchange of z; and z,

10(21;"' yR—15 Rk s R+l 5 Rk—1; Rj Rkl ;ZN)
= —w(Zl;”' yRj—15 Zj 3 Rj+1y " 3 Rk—15 Rk Rk+15 " ;ZN) ) (3.5)
for all (z1;--- ;2x5) € (R)N (cf. [RS1] p. 53-54 or [LiSc] p. 35).

Proposition 3.5. In the framework of Proposition 3.1, we consider a bound state v that
is bosonic (resp. fermionic). Then, on an appropriate vicinily of Z, that is included in
Q, (3.4) (resp. (3.5)) holds true with ¥ replaced by ¢1 and also with ¢ replaced by ¢5. In
particular, the relevant valuation of the two-electron collision at z is even (resp. odd).

Proof: Let r > 0 and, for £ € [1; N], let V; be the ball of radius r and centre Z,, such that
the cartesian product C' := V; X --- X Vy is included in 2. The set C' is invariant under
the exchange of the coordinates z; and z;. By assumption, we have, for some € € {—1;1},
for all z € C,

Uz 25 Ziw) = (25320 Ziw) (3.6)
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where € = 1, if 1 is bosonic and, € = —1, if 1 is fermionic. By (3.1), we get, for z € C,

f(zk;zj; Zj;k) = @ g(zk;zj; Zj;k) (3.7)

where  f(zx; 255 Zi) = &1(2k 255 Ziw) — €P1(255 205 Zje)
and g(zk;zj; Zj;k) = €Dy (Zj;Zk; Zj;k) — ¢2<zk;zj; Zj;k) .

For fixed 2, and fixed Z;y, the map = — f(z, + x; zx; Zj;x) is smooth. By (3.7) and
Lemma 3.4, the real analytic map z +— g(2i + x; 2;; Z;%) must be zero. Since this holds
true for all z; and all Z;, f and g are zero. This shows that ¢; and @, satisfy (3.4) (resp.
(3.5)) if e =1 (resp. e = —1).

Now we use the change of variables of Remark 3.3 and the symmetry of ¢,. For 3 in an
appropriate neighbourhood of (0; Z; ZAj;k),

2 (=353 Zie) = € 02(353 k3 Zi) -

Using the expansion (3.2) for ¢ = ¢, we obtain

0 = Z (=D =€) wa((3e)ers) 35 -

a€eN3

Thus all the ¢, for odd |« are zero if € = 1 and all the ¢, for even || are zero if e = —1.
Therefore the relevant valuation, that is the valuation of ¢ in the variable 3; at 3, is even
if e=1 and odd if e = —1. ]

Making use of the special state decompositions in | | at a nucleus-electron collision
and at an electron-electron collision, the decomposition (1.8) was derived in Proposition
3.6 in [JN]. We need some notation.

Recall that we introduced the set U](Vl)_l in (1.6) and the set C](?)_l in (1.7). Let us take

(z;2)) € (Z/{](\})f1 X L{](VIL) N C](VQL. As vectors in R*W~=1 | we write 2 = (£y; - -+ ; #y_1) and
2’ = (&}; -+ ; 2%y_,). The set of collisions is

G = {G:ij) el N-1]%; &; = &}

Since (2;2') € C](\?)_l, G is not empty. Since & € L{](\})_l and &' € U](\})_l, G is the graph of an
injective map ¢: D — [1; N — 1] with the domain of definition

D= {jelb,N-1]; 3 e[; N-1]; (j;5/) G} # 0.
Using | | and Proposition 2.3, we have

Proposition 3.6. [J\] (Proposition 3.6).

Let (3;1) € (Z/l](\,l)_l X M](Vlll) N C](\?)_l. Then there exist an open neighbourhood V of &, an
open neighbourhood V' of @', a smooth function s : V x V' — C, and, for j € D, an
open neighbourhood W; of ;, a function x; € CX(R* R), and two sums of power series
@j VX W; — Cand @5 : V' x Wy — C, such that X; = 1 near &; = &;) and the
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support of X; is included in W;, and such that, for all (z;z') € (V x V'), (1.8) holds true,
namely ‘
walzz) = s(@z) + Y A%, (@
jeD

where
W@ 2) = /Rg 25 = yl @iz y) l7eg) — yl Doy (@) X, () dy (3.8)

for j € D. For such j, the function @; is precisely the function @y in formula (3.1) near
(&;2;) and the function @) is precisely the function Gy in formula (3.1) near (@';25).
Furthermore, one may require that, for (j;¢) € D* with j # ¢, W; N W, = 0, and that,
for 3 € D, W; is included in the range of the map V > x — x; and also included in the
range of the map V' 3 o' = ;.

4 Fourier transform of localisations of the density matrix.

In order to find the regularity of yy_; near a point (2;2') € U\, x U ) nc?,,
it suffices to consider vyy_; multiplied by a cut-off function that is 1 near (z;2'). We
shall require that the support of this cut-off function is so small that we can exploit
Proposition 3.6. Now we want to study the Fourier transform (2.3) of the localised version

of yv_1 and, by (1.8), it suffices to do so for each 7](\[ 1, that is deﬁned in (3.8). Using
inverse Fourier transform (2.4), we shall get an expansion of each 7N 1, from which we
shall be able to derive our main result Theorem 1.1.

Let (2:2') € U, xuP ) n .. Recall that, for z € (R)¥! and ¢ € [1; N — 1],
we sometimes write z = (z4;2,). We use the objects introduced in Proposition 3.6. For
J € [1; N —1], let xo,; € C°(R?; R) satisfying the following requirements:

o If €D, x0,; =1 near 2;;
o If j €D, xo,; =1 near ; and xo,; = Xo0,jX;;
e For (j;¢) € [1; N — 1]* with § # £, xo.;X0x = 0.

Let xo be the tensor product ®;e[1;n-1] Xo;5, that is the map

R sz = [ xegla).

JE[L;N-1]

Note that xo € CP((R*)N1;R). Recall that, for j € D, the support of y; is included in
W;. Now, we can choose the support of the functions xo;, for j € [1; N —1], so small such
that, for j € D, there exists an open neighbourhood Vx; of Z; such that W x V. C V
and the support of ®gep;y—1)\{j} Xo:¢ is included in V.;. This ensures, in particular, that
the support of xq is included in V.

For k € [1; N — 1], let x,, € C°(R? R) satisfying the following requirements:
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o If k & c(D), xp4 = 1 near Iy;
o If k =c(j) for j € D, XOk—lneara:()—x] andXOk_XokX]
o For (k;¢) € [1; N — 1] with k # €, x{,, X0, = 0.
Let xp be the tensor product ®pepi;nv—1] X0, that is the map
®Y o2 = I xow(ah) -
ke[1;N-1]

As above, we may assume that, for k£ € ¢(D), there is an open neighbourhood V’ "y of
@ such that W; x V; C V' and the support of ®g€[1 N1\ {k} on is included in V;ék In
particular, x; € COO((R3)N I:R) and the support of x} is included in V.

The considered localised version of yy_; is yny-1(Xx0 ® Xxp), that is the map

(R)Y1?2 3 (z;2') = xo(z) ywv-1(z;2") xp(2) -

(4)

As explained above, it suffices to consider the localised version vy’ (xo ® xg) of ”yN 15

that is the map

(RHN1)? 3 (z;2) = xol@) 5l (z32') xh(2')

1=

for j € D.
Let us now fix j € D. For the rest of Section 4, to simplify notation, we denote WJ(\J,)_I by

7, the localised version of 71(\]7')—1 by Ao, i.e. o = Y(x0 ® x0): X;j by X, ¢(7) by k, V.; by
Vi, Vi, by V., and W; by W. Therefore (3.8) reads

Had) = [ o= ol Glon) lh — W Bl Sy @)

According to (2 3) and to the Fubini theorem, the Fourier transform F' of 7 is the map
F: (R3)2WN > (& f) — F(&; é/) where

F(&¢€) (4.2)

— /(Rg)w 1 e~ e+ (1) |z — yl Byl y) xo(@) o), — yl Filz’sy) X(y) dedz’ dy .

It is convenient to write the variable z € (R*)¥ ™! as (x;;2;) with z; := (2¢)r;. We also

simplify the notation for the tensor product yg by setting

Xi(z) = T  xoelxo)

Le[1;N—1]
0%
if N> 2, else x; =1. Thus xo(z) = xo,(7;) xj(x;). We perform the same simplifications
for 2/ and g, replacing j by k. .
On V x W, we have the special state decomposition ¥ (z;y) = ¢;(z;y) + |x; — y|d;(z; v)
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associated to the collision of the variables x; and y at Z; (cf. Proposition 3.1). As in
Definition 3.2, we write (z;y) = (2;;y;2;) and ¢;(z;y) = ¢;((x; — y)/2; (x; + y)/2; z;).
Recall that n; is the valuation of the map z — ¢;(z;; 2n5; Zj,n) in the variable z; at
(0;2;;&,). Similarly, using the special state decomposition associated to the collision of
the variables z} and y at &} = &;, we can write @, (z;y) = ¢, ((z}, — v)/2; (¢}, + v)/2; x}.)
and nj, is the valuation of the map z — ¢} (zx; 2n; Zk.n) in the variable 2, at (0; &; Z},).

To analyse the function F', we first rewrite it in the following form, using the functions

p; and .

Lemma 4.1. Let x € CX(R;R) be such that, for all z € R® and y € Sy, the support of X,

x(z]) =1 if xo(x +y) # 0 and also x(|z]) = 1 if xou(x +y) #0. Then x(|-]) =1 near
0 in R, For all (§¢') € (R3)*N-1),

Pleg) = [ eton i e s e (43

| 05 (23/2; 25/2 + 5 z;) x(|25]) |k | @ (2h/2; 20/2 +y 5 ) x(|h])
X (25 + ¥) Xowe (@ +y) X5 (2;) X5 (2}) X(y) dz; da), da; daf, dy

where & 1= (&:€.) and £ = ( ;,g;) with §j = (&)ezy and §;€ = (&) ek

Proof: As above, we write (z;y) = (7;;y;2;) and (2;y) = (7} y; 2;,) in (4.2). For y € Sy,
Xoj(x +y) # 0 if x is close to zero. Thus x(|z|) = 1 for such z. Similarly, for y € Sg,
Xo:x (T +y) # 0 if 2 is close to zero. Thus x(|z[) = 1 for such z, as well.

For fixed y, we make the change of variables T = z; —y and &’ = z}, — y in the (z;;z})-
integral in (4.2) and rename the new variables (z;2') as (z;; x},), to arrive at

F(&E) = / o=t (&a+&ow)) pi(6+E6)y o0 (€ e TE )
- (R3)2N-1
‘xj‘ 95]' (wj + y; y;£j) ‘372‘ Ek (.CE;c + y; y;g%)
Xo(j + ) Xow (@ + 1) x5 (2;) Xk (2h) X() da; da), da; day, dy -

We can write @;(z; +y;y52;) = ¢;(2;/2;2;/2 + y;2;), for y € Sy and (z; +y) € Sy,
and @) (7}, + y;y523) = 9 (0}/2;20./2 + y; 23.), for y € Sy and (z), +y) € Sy, . By the
properties of the cut-off function x, we may insert x(|z;|) and x(|z}|) into the integral
without changing it, yielding (4.3). ]

Recall that Z; = #. Let Rg be the range of the map W? 3 (z;y) — ((z—y)/2; (x+vy)/2).
It is an open neighbourhood of (0; ;) = (0;Z}). Let
S = {(s;1) € (R*)*; (s/2;8/2+1t) € Ro} .

On the support of the integrand in (4.3), we have (x;/2;z,;/2+y) € Ry, that is (z;;y) € S,
and (z},/2; 2} /2 +y) € Ry, that is (z};y) € S. It was shown in [JN] (cf. the proof of the
claim (24) in the appendix) that, for almost all y € Sy, n; is the valuation of the map

Sx V.3 (a:j;y;gj) — goj(:vj/Q; /24 y; zj)
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at 0 in the variable z; and that nj, is the valuation of the map
Sx V3 (wyiay) = h(eh/2 2/2 +y; 23)

at 0 in the variable ;..
Let m be an integer larger than max(n;; ny). Then, for (z;/2;2;/2 +y;2;) € Ro x Vg,

0i(@i/2 2+ ys 1) = Y galyiz) af + Y @alwiyiz)af,  (44)
aeN3 «eN3
n;<|a|<m |o|=m

where the functions ¢, are the sum of a power series on & x V, and the functions ¢, are
the sum of a power series on W x V... By definition of n;, the functions ¢, for |a| = n;,
are not all zero.

Similarly, we can write, for (z}; 2} + 2y;2) € Ro X V.,

Oe(@h/2 a2+ ys ) = Y Ghlyz) @) + > h(rh v i) (@), (45)
aenNs aen3
”;CS|&‘<m |a|=m

where the functions ¢, are the sum of a power series near on & x V., and the functions
¢, are the sum of a power series on W x V.. By definition of nj, the functions ¢, for
|a| = nj,, are not all zero.

Now we want to insert the formulae (4.4) and (4.5) into (4.3). To control the remainders,
we shall use Lemma 2.1 and Lemma 2.2.

For all @ € N3, we denote by F, the Fourier transform of the continuous, compactly
supported function R®* > z +— |z| 2% x(|z|). We observe that F, = (—i0)*Fy, where Fj is
the Fourier transform of the continuous, compactly supported function R? 3 x +— |z| x(|z|)
and to which one can apply Lemma 2.2. This yields

Lemma 4.2. Let o € N3. There exists a smooth function Gy, : R*\ {0} — C satisfying
the following properties.

VEERN\ {0}, Fo(§) = =8 (=)™ (0*|-[*) (&) + Gal&) and  (4.6)

VyeN?, VEeN,ICY >0; VEER\ {0}, [07Ga(6)] < O e[ hl. (47)

In particular, we have

3 a . 3
VyeN?, 3C™ >0; VEe R\ {0},

OEL(§)] < O fg7Hhl (4.8)

We can check by induction that, for all & € N3, there exists a polynomial P, on R?, that
has real coefficients and is homogeneous of degree ||, such that

vne R\ (O, (1 1)) = (1.9

For further purpose, we state the following
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Lemma 4.3. Let n € N. The functions F,, for |a| = n are linearly independent. So are
the functions P, for |a| = n.

Proof: See the Appendix. O]

Coming back to (4.3), this leads to the

Proposition 4.4. Let m be any integer larger than max(n;;ny;3). Then there exist a
Jamily (ao)n;<jaj<m of smooth functions, defined near & in R¥W=Y a family (@), <jaf<m
of smooth functions, defined near 2’ in R*N=Y and a smooth function R, on (R3)20V=1),

such that, for all (§¢') € (R¥)*N-1,

F&E) = ) Fal§) Fur(&) Aua (§€) + Ru($), (4.10)
n;<|al<m
nj <la/|<m
where
A (6:8) — / e EHEY B (€5 €0 ) K(y) dy (4.11)
R3
and By.o (éj;é;c; y) is the integral
/ oy €SI agy2) el a) X (25) X (2h) (4.12)
R3(2N -4

The functions Ay, and Bg.o are smooth.

For a € N* with |a| = n;, we have aq(y;2;) = @aly; 2;)X0;5(y), where the function @,
appears in the formula (4.4), and, for o/ € N* with |o/| = n}, we have d.,(y;z}) =
o (Y; 21.) X0 (y), where the function ¢, appears in the formula (4.5).

Moreover, we have the following estimates.

Vge N, sup <£><§>q‘R §§‘ e o
(§?§')E(R3)2<N71)

For a € N* with m > |a| > n; and o/ € N* with m > |o/| > n), for all ¢ € N,

sup <€]>4+|a‘ 4+|a/| <§> <€ >q}F 5] (gk) aa’(g;gl)‘ < 400. (4'14)

(& €)E®3)2(N-1)

Proof: Let y € Sy be fixed. We write a Taylor formula for xo.; at fixed y with exact
remainder as an integral:

g Xo;
Xoij (% +y) = E 5,j + E Xs(xj5 y) ©7,
[6|<m—n; |8|=m—n;

where the functions xs are smooth near (0;2;). Using this formula together with (4.4),
we get the following expansion on & X V.,

0i(2i/2 2 /24y s 1) xog (i +y) = > aalyiz) 2l + > rslagiyirg) af,

n;<|lal<m m<|§|<2m—n;
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for some smooth functions a, and 75. For |a| = nj, aa(y;2;) = @a(y; 2;)x0;5(y). In the
last formula, denote by p(z;;y;z;) the first sum and by r(z;;y;2,) the second one.
Similarly, using (4.5), we can write on S x V.,

Vi(@h/2s /2 + ys )Xo (@ +y) = P (@lsyizh) + (ks ya) -
Inserting these expansions into (4.3), we obtain
F(&¢) = / o~ (& ws+Eeat) i)y 7€ T E ) (4.15)
- (R3)2N -1
251 X (J251) T2l x(12kl) (p(agiysay) + rziyi25)) X(y)
(0 (ks ys2h) + (e ys ) x5 (z5) xe(a) de; dog, da; dag, dy
and set Rn,(&;¢') as
F(éé“’) _ / e~ (&my +&ay) miG )Y o €z + &z
== (R3)2N—1
5] x(l251) k] x (124]) p(xsiy525) X(v)
V(@i ys k) x5 () X () doj dag, doy da dy .
By Fubini theorem, we have
F(&E) — Ru(5€)
= X[ e ag o (o) ()" e (k) e o

<la|<m
<\a’|<m

J

—i(&5+E},) yB d
< [ e (€:6) M) dy

where B/ (éj;é;; y) is given by (4.12), yielding (4.10).
For such («; '), we can use (2.2) in (4.12) to get, for all ¢ € N,

V(g6 € (BN xS (Bl €in] < Cole) " (€)

for some (€ ;€ ;y)-independent constant C,. Combining this estimate with (4.11) and
23 2k q

(4.8), we derive (4.14).
The rest R,,(£:€) is given by

3 / i (€70 ) i€ +ED) Y iy +Epez))
(R3)2N—1

se{p;r};s’e{p’sr'};
(s58")#(p;p")

;| x(l25]) |2l x(l2k]) s(zsim2;) X(v)
sl s 2h) x5 (zy) X (2h) dej dal da; dz, dy -

Let ¢ € N. Take a term in the above sum that contains the function r. By Lemma 3.4,
we know that the map z; — |z;|x(|z;|)r(z;; y; ;) belongs to the class C™. Thus we can
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apply precisely m times the identity (2.2) with (z; ) replaced by (z;;&;) and integrations
by parts in the z;-integral, we use ¢ times (2.2) with (z;¢) replaced by (gj;éj) and
integrations by parts in the z;-integral, and we use ¢ times (2.2) with (z;&) replaced by
(z); &) and integrations by parts in the z}-integral, to get

2k
(€™ (€)™ (€)" (€)1 [Rm(&:€)| < C, (4.16)

for some (&;¢')-independent constant C'. The remaining term contains the function r’.
By Lemma 3.4, the map ) — |23 x (|23, ])7" (255 y; 2;) belongs to the class C™. We use
m times the identity (2.2) with (x;&) replaced by (z};&;) and integrations by parts in
the z}-integral, we use ¢ times (2.2) with (x;&) replaced by (gj;éj) and integrations by
parts in the z;-integral, and we use ¢ times (2.2) with (z;¢) replaced by (z};¢]) and
integrations by parts in the z}-integral, to get the estimate (4.16), for a possibly different,

(&:&)-independent constant C'. This yields (4.13). O

The estimates (4.13) and (4.14) ensure, by the Fubini theorem, that each term in (4.10) is
integrable over (R*)2™~1. This allows us to apply (2.5), with F, replaced by these terms.
In particular, 7, is the inverse Fourier transform of F. It is convenient to introduce the
map o : R3V=Y — C that is defined by

Y0 (X5 X' 255 20) = F0(X/2+ X5 25 X' — X/2; 23,) - (4.17)
Of course, we can recover 7, from vy by
(g5 255 whs 24) = v0(wy — s (g + 23,) /25 25 24) (4.18)

In particular, 79 and v, have the same regularity. Let us denote by R the range of the
map W? 3 (z;y) — (z — y; (xr + y)/2). It is a neighbourhood of (0;#;) = (0; &},).

Proposition 4.5. Let m be any integer larger than 4 + n; + nj.. Then there exists a
function R,,, : R X V4 X V; — C, that belongs to the class C™, such that, for all
(X5 X5 255 25) € R x Ve x V.,

Y0 (X: X5 25 21) — Rn(X5 X5 55 ) (4.19)

ENESRIANEDS >

nj<lal, nj<lo/| 4d+|al+]| 8]+ |+ |<m
A+|al+|a/|<m

X <%>5+5' <>2(y) aa(y;zj)aaf(y;iﬁgﬁ

2 ly=X"'

< (@m0 [N E ) P .

Moreover, for fived (a; ;85 5'), the term

5!154 (%)Ml (W) a5 2)) s (v:.21)) e (4.20)

x (2m)~" /Ra e Foys(n) Fuyp (—n) dn

belongs to the class CAFlalHIBlI+le 1+
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Proof: We start with formula (4.10) with m replaced by m + 4. Denote by F4(&;¢') the
sum on the r.h.s. of this formula. Thanks to the estimate (4.13) and Lemma 2.1, the
inverse Fourier transform of R,, 4 belongs to the class C™. For two functions f and g, we
write f ~ g if f — g belongs to the class C™.

Now, we apply the inverse Fourier transform (2.4) to F4. For (x;z') € (R3)?V=1,

e [ O PG s (421)

= (2m)” XJ( ) Xk (xk) Z / et it F, Fo (&) F o (&) /R3 e Gty X()

nj <|a|<m+4
’<|a’\<m+4

X aa(ya j) (ywrk) dydgj dgk’

Actually, this is zero unless (z;;7;2;;2),) € W? x V, x V. In the latter case, let us
denote by C’a;a/ (zj; ); 255 2),) the terms appearing in the sum in (4.21) and set

Co (X5 X5 2552%) 1= Cosar (X' + X/2 X' — X/252;320,) -

Y ]7
where (X; X';2;;2)) € R X V. x V.. Making the change of variables n := (§; —&})/2 and
= (& +&,)/2, we obtain

Cosor (T T 55 2) = /R6 ¢! k¥ a (=) B () For () = )

X /R 3 e 1Y X (y) aay; ;) d o (y; 21,) dy dn dnf
and, setting X = z; — 2} and X' := (x; + z},)/2, we get
Coa (X5 X3 2572) = /R 6 XX B (4 1) Far (0 — )

X / 3 e (y) aa(yi z;) do (y; 21,) dy dndy .
R

Using the identity (2.2) with (x;&) replaced by (2y;7’), we see by integration by parts
that, for all ¢ € N, there exists C; > 0 such that, for z; in the support of x; and zj in
the support of x},

‘W)q /R 3 e Y X (y) aa(y; z;) o (y; 24,) dy‘ < Cy. (4.22)

Using the boundedness of the functions F,, (cf. (4.8)) and the estimate (4.22), we see that
contribution to the integral of the region {n; |n| < 1} is a smooth function (by standard
derivation under the integral sign). This holds also true for the contribution to the integral
of the region {(n;7'); [n| > 1,|n| < 2|7'|}. Thus Cyar ~ CZ.,, Where

Cotor (X5 X5 j5,) = XX E (') Far(f =) / 72 ()

[n|>1 R3
2[n’|<[n|

X ao(y; ;) a0 (y; 23,) dy dndn .
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Now we use the following Taylor formula with exact remainder as an integral. For ¢ €
{—1;1}, Q e N*, and o € N3, E,,(/ + en) = F2(en; ') + FE(en;n) with

Q-1
Flenin) = i <(77’ : V)qFa> (en)

and ) ( jo-1
1—-1)%"
FRen;n) = "N)YE,) (tnf ————dt.
o (enin') /0 (07 V)R )t +en) Q-1
For e € {—1;1}, [n| > 1, |n| > 2|7|, and t € [0;1], |[tn + en| > |n|/2 and, thanks to (4.8),

there exist C’, Cq,Cq > 0 such that
|F(enyn)| < Clnl™* (@, [FR(enn)] < Coln|™* 1179 |,
and
|Fo(n + ) FE(—ms )| < Cf [ 5lel=l=Q py 2@

Set Q@ =m — |a| —|o/| —4if |a| +|a/| +4 < m, else Q = 1. Using (4.22) and Lemma 2.1,
we have C7, ~ CZ, where

OA1 (X X/,:L‘J, ) _ - ei(XJH—QX/.n/) Fa(ﬁ + 77/) Fﬁ(_n;n/) /3 6—21‘77/.?/ X(y)
= R
2|0’ |<[n|

X ao(y; ;) a0 (y; 23,) dy dndn .

Similarly, we can find some Cg > 0 such that, for |n[ > 1 and || > 2|7/|,
[E ) F(=mif)| < GGl 57111y 29

; A Aa
and obtain C¢.,, ~ C.?, where

Ci2/(X; X z5m,) = !Xt PA () F4 (=) / e 2 Y (y)

[n|>1 R3
2|n’|<|n]
X ao(y; ;) a0 (y; 23,) dy dndn .

As above, adding to this integral the contribution of the regions {(n;7'); |n| > 1,|n| <
2|7'|} and {n; |n| < 1} amounts to add to the function 02;20/ a smooth function. Therefore
Cllo ~ CB ., where

Co (X X zy52,) = /6 X2 X)) B A (i) ES(—my ) /3 e X(y)
R R

X ao(y; ;) a0 (y; 23,) dy dndn .
By the multinomial theorem, we have

’ L.,
a(ﬂ ’ F, = q‘ Z ﬂ' a/BF = Z E(“7)ﬂFa+ﬁa

18l=q 18l=q
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since F, = (—i0)*Fy. This yields

1 -
Cl (X:X'zm) = ) Bl AgeX”Fa+ﬁ(n)Fa,+ﬁ,(—n)dn
BlI<@Q

18'1<@Q
X / XX (i) )+ / MY X(y) aalys ) Ao (y; 2),) dy d
R3 R3
Since
/ P2 X (m/)BJrB// e*Qi”/'yX(y)aa(y;gj)aa'(%&;g) dy dnf
R3 R3
= (/2" / X / €21 3 y) aa(ys ;) o (3 ) dy dif
R3 R3
= (21)° (9,/2)°" (X(y) aaly; ) @ (4 23)) ,_x

by (2.5), we get

1 .
Clo(X; X zjimy) = (2m)° ) B! /Rg XM Foy5(n) Fargg (=) dn (4.23)
18]1<Q
18'1<Q

X (8,/2)" 7 (X(y) aalys ;) dlar (43 21)) |y -

Recall that we worked for n; < |a| <m+4 and nj, < |o/| < m+4 with m > 4+n; +nj.
By the properties of the functions F, (cf. (4.8)) and Lemma 2.1, a term in the sum in
(4.23) belongs to the class C*HelHBIHHT Iy particular, it belongs to the class C™ if
4+ o) + |6+ || + 15| = m.
Coming back to the inverse Fourier transform F%, of F4 in (4.21), we can write

a (X' + X/2; X —X/Z;Qj;gk) ~ G(X;X’;gj;gk) where

G(X; X's2;51)

= 2m) 7 x(e) () D )3 6!16’!

nj<lal, nj <|o’| d+|al+|B|+]|a’ |48 |<m
4+|al+|a! |<m

X /3 e Foys(n) Fuypr(—n) dn
R

X (0,/2)" (X(y) aalys ;) dar (y5 23)) |y -

We showed at the beginning of the proof that 4y ~ Fy.,. Thus
W (X; X z2,) ~ Fpa(X' + X/ X' — X/25252,) -

Defining R,,, by 70 — G, we obtain (4.19). O

We now focus on the integrals remaining in (4.19), using Lemma 4.2 and (4.9).
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Lemma 4.6. Let (o; ') € (N3)2. There exists a smooth function S : R — C such that,
for all X € R3,

/R3 XN EL(n) Fo(—n)dn = G +g|i(|2:)2|al|)! (Pa<_ax) P (0:) |x|5+2la+2a/|)x:X
LS. (4.24)

Proof: For two functions f and g, we write here f ~ g if f — g is a smooth function. We
shall frequently use the following fact: if f € C°(R) and g € C*°(R?) then the map

R 5 X o / e f (1) 9(n) (4.25)

is smooth. This indeed follows from Lemma 2.1. Denote by N(X) the Lh.s. of (4.24).
Consider a cut-off function 7 € C*(R*; R) such that 7 = 0 on [0; 1] and 7 = 1 on [2; +o0].
Since (1 —7) € C(R), we can write, by (4.25), that N ~ N; where

M) = [ e r(al) Fuli) Fo (=) .

We use the decomposition (4.6) for F,, the estimate (4.7), and Lemma 2.1, to see that
N ~ N, where

Ny(X) = (8m)? /R3 e 7 (Inl) ((=i0*)] - 17*) () ((—=i0*)| - |7*) (—n) dn
= (8m)? il /Rd e X7 (1)) Pa(n) Pa(—n) |n| 757202y (4.26)

Since the function R® > n — 7(|n|)|n|™® is integrable, standard derivation under the
integral shows that
Ny(X) = (87)% Pa(—0x) Pur(9x) N3(X) .
where
M) = [ el g,
Using spherical coordinates (see the appendix in [JN]), we get, for X # 0,

+oo ) . X
N3(X) = 47T/ 7(r) T 2lel=2le] —Sm(; )
1 | X|

since the support of 7 is included in [1; +00[. By integration by parts,

A sin(r| X)) _g_alal—ala’ r=teo
Na(X) = i S il V4 || —=2[a|
) = S 3] (W X’

4 +oo 6—2|ar|—2|a| ( SIH(T‘X‘))
= ro A= g T(r) ———= | dr,
6 + 2|a| + 2|/| /1 () | X|

dr,
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since 7 is flat at 1. The contribution of the derivative of 7 in the previous integral is a
smooth function by (4.25). Thus

4r
6 + 2|a| + 2|/|

“+oo
N3(X) ~ / =A=' (1) cos(r| X ) drr
1

Repeating the integration by parts, we get, by a finite induction, that

A7 |X|4+2|a\+2|a’|
(6 + 2|a| + 2|c|)

Ny(X) ~ !/1007“_2 7(r) cos(r|X[) dr

Now, using again an integration by parts, we write

+00 R
/ =2 7(r) cos(r|X|)dr = lim 72 7(r) cos(r|X|) dr
1

R—+oc0 1

R—+o00

R

~ — lim \X|/ 1 (r) sin(r] X]) dr
1
R

~ — |X| lim r~ sin(r|X|) dr
0

R—+o0
RIX]|
~ — |X| lim s~! sin(s) ds
R—+4o00 /g
~ = 51X

since the semi-convergent Dirichlet integral equals 7/2. Thus

_8 (2) gloi o’
(6 + 2|a| + 2]|)

'l

No(X) ~ i Pa(=0x) Par (O ) | X [Pr20l211

yielding (4.24). O

Inserting the result of Lemma 4.6 into (4.19), we get
W(X; X 255 21) — Rn(X3 X 255 ) (4.27)

= () vla) ) )3 5!1,@/!

nj<lal, nj<la’| 4+|al+|B|+|a’ |48/ |<m
A+|al+|a! |<m

X (%)BW <>Z(y) aa(yszj)%f(y;zk))

o —8 (2m)*
(6 + 2|a| + 2]/| + 2|5] + 2|p'])!
8 (Paw(—@m) Pory(0z) |:c|5+2‘°"+2'a"+2‘3|+2lﬁ/|)

ly=X'

le=X ’
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for some function R, : R x Vi x V., — C, that belongs to the class C™.
In the expansion (4.27), it is natural to expect that the regularity of 7 is the one of

T(X; X'; 25 xp) (4.28)
—16m B _
"G r2n, o) Y (27) xe(ai) XX Y aa(Xszy) e (X' 2)
\a|:n]-
ol | =,

% (Pa(_aw) Por(0z) |x‘5+2nj+2n;€>| 5

=X
that is the sum of the terms, with indices (a; 5; /; f’) such that |o| = n;, 8 =0, |&/| = ny,
and f’ = 0, in the sum on the r.h.s. of (4.27). That is precisely what Lemma 4.7 and
Proposition 4.8 below prove.

Lemma 4.7. Let T : (R?)>0V=U — C be the function defined by (4.28). Then, for
(X; X5 25 2)) € (R®)2(V-D),

T(X; X5 z;; z;,) (4.29)
—16m / / /W / — W
= xo(X'5z,) xo (X' z 0ol X'52;5) ¢ (X5 20)
(6 + 2n; + 2n},)! (¥2,) xo(X'52k) 2_: 7 g
\o/\:n;C

% (Pu(=02) Pu(@,) [ 20t
=X

where the functions ¢, appear in the formula (4.4) and the functions ., appear in the

formula (4.5). Moreover, the regularity of the function T near (0; Z;; ;3 2y,) is 44n;+nj,.

Proof: The equality (4.29) immediately follows from Proposition 4.4 and the properties
of the cut-off functions xo, Xg, X0y, X0 and x. By Proposition 4.5 and Lemma 4.6, the

function T belongs to the class C*m+7%

Assume that T belongs to the class C5*"+". By the properties of xo and yj, there exist
some non empty open sets U of R3 O of (R*)™V=Y and O of (R*)¥~Y such that, for
all (X'; 25 21.) €U x O x O, the product xo(X';z;)xo(X';2),) = 1.

Let (X'; z;; 23,) € U x O x 0. We know from the properties of the functions P, and
(4.28) that, on R*\ {0}, any partial derivative of the map X — T'(X; X';z;;z}) of order
5 4 n; + nj, is homogeneous of degre zero and therefore a function of X/|X| only. We
assume that such a derivative exists at 0 and is continuous there. Thus this derivative
must be constant. In particular, this map is smooth on R3. Since T is smooth w.r.t. the
other variables, T" is smooth.

Let 7 € C(R) such that 7 = 1 near 0. Since 7 is flat at zero and the map x + |z[>T2n+2m%
is smooth away from zero, the map 7} : R3 x U x O x O — C given by

T (X5 X5 a5 )
= Z Pa(X'5 ;) @ o (X 23,) <pa(_am) Po(0,) 7(|z]) |x|5+2nj+2n;>

lz=X
|ex| =n;

lof | =n’,
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is smooth as well. Let K be a compact subset of U x O x O’. By the proof of Lemma 2.1,
there exists some ¢ > 0 such that, for all (X"; z;; 2;) € U x O x O, for all ) € R3 with
nl =1, ,

|Fry (; X' 25 21)| < el Ot (4.30)

Let us denote by f the Fourier transform of the map z + 7(|2|)|z[>*?%+2%. Let U, =
{n € R |n| > 1}. For (n; X'; z;; ) € Uy x U x O x O', we have

Fr,(m X5z i) = f0) ). @alX'52;) @ (X' 2h) Pa(—in) Pa(in) .

la| =n;

|o/|=n;c

By Lemma 2.2 applied to f,

Fr, (n; X's ;3 7)) ,mnﬁ%k D palX2) @0 (X5 24) Pa(—in) Pa(in) + g(n)

laf =mn;

et

la/| = "k

and |g(n)| < c|n|~@++™) | for some A # 0 and some ¢ > 0. By (4.30) and homogeneity,
the last double sum must be zero identically on U; x U x O x O'. Thus, the product

(X wtxizypa-in) (X Fulxic) rutin)

ol =7, o[ =1

is zero identically on Uy x U x O x O'. Since it is a product of real analytic functions,
one factor must be zero on Uy x U x O x O' (cf. [Ca]). By Lemma 4.3, this implies that
either all the functions ¢, with |a| = n; are zero on U x O or all the functions ¢/, with
|a’| = nj, are zero on U x O'. This contradicts the properties of these functions stated
just after (4.4) and (4.5), respectively.

The regularity of 7" near (0; %;; Z; ) is therefore 4 4+ n; + n). [

By Proposition 4.5, we know that all the terms on the r.h.s. of (4.27) but T belong
to the class CFlelHle’l Thus (4.27) and Lemma 4.7 show that the regularity of 4, near
(0; :%j;@j;@f) is precisely the one of T', that is 4 + n; + n). We have proven

Proposition 4.8. The regularity of o near (0; ij;@j;@;) is 4+n; +nj. So is also the one
of Yo near (j; ;15 1)).

Now, we are able to prove our main result.

Proof of Theorem 1.1: Let us take a neighbourhood N of # and a neighbourhood N’
of 2/ such that xo = 1 on N and x; = 1 on N/. Thanks to the Propositions 3.6 and 4.5
and to the Lemmata 4.6 and 4.7, we get (1.11) and (1.12). Proposition 4.8 provides the
regularity of each T; and (1.12) shows that the less regular term in 7; cannot be com-
pensated by a term coming from some T, with ¢ # j. Therefore, the regularity of yy_;

is the minimum of the set {4+n;+n/ ()} j € D} of regularities, that is 4+p. O
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5 Pseudodifferential structure of operators associated to lo-
calisations of the density matrix.

In this section, we consider the integral operator I', the kernel of which is the density
matrix yy_;. It naturally acts on squared integrable functions f on R3WV-1 ag

CNE = [ el @) i
R3(N—1)
and is actually a bounded, self-adjoint operator on L2(R3™V~1). We focus on localisations
of this operator of the form I'’ = 'y} for cut-off functions xo € CP(R3™~1:R) and
Xo € CSO(R?)(N -1, R). Precisely, I'? is the composition of the multiplication operator by
Xo, of I'; and of the multiplication operator by xo, in this order.

If the tensor product xo®xj localises on a region where yy_ is smooth then I'? transforms
L2(R3W=1)-functions to a smooth function. Here we are more interested in the case where
this tensor product localises near a point

Y. 1 1 2
(z;2) € (U](V)—l X u](\f)—l) N C](V)—l

as in Section 4. If 2 = 2/, it was shown in [JN] (Section 5) that T'° can be viewed as a
pseudodifferential operator, the symbol of which belongs to a well-known class of smooth
symbols. This property was detected after a study of the wave front set of yy_1. In the

same spirit, we now use Theorem 1.1 and the notion of singular support (cf. [[162], p. 42)
to detect a regular pseudodifferential structure in I'’. First of all, we introduce the notion
of global, smooth symbols that is studied in [H53], Chapter 18.1.

For positive intergers n and p, for m € R, let S™(R"™ x RP) be the set of smooth functions
a on R™ x R? such that, for all (o; 3) € (N™ x NP),

sup (&) HA ‘(Q‘jﬁfa) (z; 5)‘ < 400
(z;6)ERMXRP - = -

We denote by ST the intersection of all such space S™.

It is well-known (see Theorem 18.1.6. in [Ho3]) that, if K is the kernel of a pseudodifferen-
tial operator on R*W~=Y the symbol of which belongs to the class S™(R3 V=1 x R3N-1),
for some m € R, then its singular support must be contained in the diagonal of (R3"V—1)2,
namely

D = {(ma) e @O g e RO

According to [[53], Chapter 18.1, T can always be considered as a pseudodifferential
operator. But, from Theorem 1.1, we see that the singular support of vy_; inside N' x N’
contains points (z;2’) such that, for all j € D, z; = x’c(j). These points do not belong to
D unless the map c is the identity on D.

These considerations suggest, in the general case, that an appropriate permutation of some
variables should reveal a regular pseudodifferential structure in I'°. That is precisely what
we are going to show. Let us take a point

A 1 1 2
(; Q’) € (Uj(vll X uz(vzl) N C](V)fl
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and consider the map ¢ : D — [1; N — 1], that is associated to it. Since c is injective,
the sets ¢(D) \ D and D \ ¢(D) have the same, finite cardinal (possibly 0). We choose an
arbitrary bijection b : ¢(D)\D — D\ ¢(D). Now, we define a permutation o of [1; N —1]
in the following way: for £ € [1; N — 1], we set

ol)=10,if0 g (D Uc(D)); oll)=0b{),ifcc(D)\D; ol)=c{)ifleD.
We let o act on R3 V-1 ag

-z = (To@)eenin-1 = (To(); " Tov_1)) -

It is a linear map and the modulus of its Jacobian is 1. Its inverse o~!- acts on z as

o lx = (o-1(¢))eeq;n—1], Where o~ ! is the inverse of the permutation o. We observe

that the maps o- and o~ !- both preserve the set Z/l](\,lzl. Let us define an unitary map
U : LH(R3W-Y) — L2(R3W=D) by, for f € LA(R*W=D) (Uf)(x) := f(o~'-2). Now, let
us take cut-off functions o and x{ as in Section 4. One can check that the kernel of T°U
is given by

K(z;2") = xo(z) . U(z;y) v(o- 2" y) dy xo(z"), (5.1)

if we define the cut-off function xj by xo(z”) = x{(o - 2”). It localises near the point
2" := 07! 2. By the choice of o, the map ¢ associated to (&;2") is the identity on D.

As we shall see, the composition I'°U is a pseudodifferential operator, the symbol of
which belongs to some S™. According to Theorem 18.5.10 in [[153], we may choose the

quantisation to see this property. It will be convenient to take the Weyl quantisation. If
L € CH(R*W=1)2,C), its Weyl symbol s, is given by, for (z;§) € (R¥"V=1)2,

sp(z; €)

= / et L(xz—t/2; x4+ t/2)dt = / CLL(z+t/2;x—t/2)dt, (5.2)
R3(N-1) R3(N-1)

by the change of variables t' = —t.

Proposition 5.1. Let p be defined in (1.10). Then the Weyl symbol of the kernel K belongs
to the symbol class S™8P(R3 V=1 x R3W=1) " Moreover, if a real ¢ > 8 + p, this symbol
does not belong to S™I(R3WN=1 x R3N-1)),

Remark 5.2. Our proof of Proposition 5.1 below provides a sequence of symbols such that
the Weyl symbol of K is the asymptotic sum of this sequence, in the sense of Proposition
18.1.3 in [HO3].

We observe that U acts on the bosonic (resp. fermionic) subspace of L2(R*™V=1) gs q
multiple of the identity operator. Therefore, by Proposition 5.1, the localised version T'°
of I is a pseudodifferential operator with smooth symbol.

Proof of Proposition 5.1: First of all, we check that the treatment of vy_; that was
performed in Proposition 3.6, Lemma 4.1, Proposition 4.4, Proposition 4.5, Lemma 4.6,
and Lemma 4.7, can be applied to the kernel K.
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In | ] (see also Theorem 3.1 in [JN]), a decomposition of 1) near a two-particle
collision is provided. Using the change of variables 2’ = o - z”, such decomposition holds
true for the map (z”;y) — ¥ (o-2”;y). This allows us to follow the proof of Proposition 3.6
in [JN] to get the statement of Proposition 3.6 with yy_; replaced by K, 2’ replaced by
2", V' replaced by some neighbourhood V" of ", and, for j € D, ¢(j) replaced by j, and
@(’:(j) replaced by the sum of a power series @7 in the variables (z”;y). For j € D, we have

Pi(a"y) = Puylo-2"5y).

In particular, the valuation of ¢7 w.r.t. the variable z is exactly the one of gﬁ’c( ) Wr.t.

the variable x; We thus have on V x V", for some smooth function s,

K(z;2") = s(x;2") + Z Kj(x;2"), where (5.3)
Kilwa') = @) [ los = ol Gl I = ol Fyasn) ) dy i) (54

for j € D. Recall that x{j(z) = xy(o - z). Let j € D. Set

Xj(z;) = H Xou(%ote)) = H X0:0-1(q) (Tq)

LE[1;N—1] q€[1;N—
L#c(5) a#j

if N > 2, else xj = 1. In particular, xg(z) = X6 C( 2 (25) X (@)

Since K; has the same structure as (xo ® XO)VN 1, the results of Proposition 4.4, Propo-
sition 4.5, Lemma 4.6, and Lemma 4.7, hold true for K; in place of 7 with the following
changes: k = ¢(j) is replaced by k=7, nk replaced by n’ o) Xo by X0, Xk by X7, X()k by
X{);C(j), Vi by Vi, ©, by wq, and a;, by a, where ¢ (z) = ¢, (0-2), and ay(2) = a;, (0 -z).
We denote by R; the range of the map W2 (xyy) — (x —y; (x+y)/2). It is a neigh—
bourhood of (0;@-) = (0;27). Then, for any integer m larger than 4 + n; + n;, there
exists a function RY) 1 Rj X Vyy x VI, — C, that belongs to the class C™, such that,
for (X; X'5z;;27) € Ry x V;,g] X Vi,

I ]7

Ki(X/2+ X X' — X/2; 25 27) — RU(X; X' ;5 2)) (5.5)

=J

S Y >

nj<lal, nl o <lo’l - dtlal+[Bl+|a[+]8]<m
A+|al+la’ [<m

Oy PHA’ .
() () auls ) i)
=27
* {6+ 2la] + 208] + 2’| + 217!
X (Paw(—az) Pary 0 (0:) |x|5+2\al+2|ﬂ|+2|a'|+zw|)

ly=X"'

lz=X .

According to (5.2), the Weyl symbol S; of the operator with kernel K; is given by, for

(@; §) c (RS(N—l))Z7

Si(x;€) = / LK (y 4ty /2wy — )2z + /25 mp — t,/2) di
R3(N-1)
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Using (5.4) and a change of variables in the y-integral, we can show that S; is smooth
(see the proof of Proposition 4.10 in [JN] for details). By the localisation properties of xq
and xg, S; vanishes outside a compact set in the variable z.

Let us con81der the term with indices («; 5;'; 8') and without the numerical factors in
the double sum in (5.5). Its Weyl symbol is given by

Stge];)ﬁ;a’;ﬁ’ (2; é)

:/R3(N1) lgtxoj(xj +1 /2) XOCJ)( tj/z) Xj(zj +£j/2) X;'/(zj _tj/Q)

Oy \ P+’ —
X (5) (X;(y) aa(y;2; +1;/2) " (v 2 _Ej/2)>|y:x'
> (Pa+5(—3x) Pa/+5'(3x) |x|5+2|a+25|+2|a’+2|5'|> t dt .
r=t;

Let Xo; € CP(R*R) such that Xo.; = 1 on the support of xo,; and Xo.;X; = Xo.;. Let
Xoe(j) € C>(R?; R) such that Xo.e(j) = 1 on the support of Xf)c and Xg..jyXj = Xo.e(j)- BY
Fubini’s Theorem, the previous symbol splits into a product S G: .5 a), (5 S )Sa] g)a, (55 65),
where

Séjﬁoz)’ﬁ/(£7f) - \/']R?)(N2> 6 J’J XJ(:I: +t /2) (,I‘ —t /2)

X (a_>/3+/3' (X](y) ao (Y5 2; +1;/2) "o (ys 25 — ij/2)> dt;

2 ly=z;

and

S(()z ;Bsal ;687 (.CL'], 5]) = /IRL3 eigj.tj >N<0§j (xj + Zf]/2) 526;0(]') (‘Tj o t]/2)

X (Pass(=00) Parsp(90) Ja 2RI 2P2120)

|lz=t;

In both integrals, the integrand Vanlshes out51de a compact set. By standart derivation
under the integral sign, we see that Sa B ﬁ, (resp. S, Ui Ba B/) is a smooth function of
(52 §J) (resp. (z;¢;)). By (5.5), the Weyl symbol (see (5.2)) of the map

(z:2") — xo(z)RY (z; — af; (z; + =) /2 2;:2]) X (") (5.6)

is also a smooth function. Since the function RY belongs to the class C™, we can show,
using m times the identity (2.1) with (z; ) replaced by (£; &), for nonzero £, and integra-
tions by parts, that the Weyl symbol of (5 6) belongs to S™™(R3V=1 x R3WV-1),

We further observe that the function S, (ico 3 B’ vanishes outside a compact set in the vari-
able z and so does S orp Outside a compact set in the variable z;.

Using repetitively the 1dent1ty (2.1), with (x; &) replaced by (éj, t;) with nonzero §j, and
integrations by parts, we see that Sajﬁoz) s € S™R(R3W-D x R3NV=2)),

We now claim that Sa;g;a,;ﬁ, € S~ (E+lal+BlH I+ (R3 x R3). This property will imply that
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the symbol S(J o3 belongs to the class S™EHIFIBH SN (RO 5 RIW-1)).

We first use ( 2 ) in Lemma 4.6 to write, for some («; §; /; 5’)-dependent constant c,

Sl 5) = [ € o 15/2) Sy (5 152

R3

8 / 5 "5 Foi5(n) Farps(—n) dn dt;
R

+ C/R;3 eiéj.tj 5(0;]‘ (33j + tj/2) X{);c(‘j) (.Ij — tj/2) S(tj> dt] .

Since the function S is smooth, we can check, using the identity (2.1), with (z;¢) replaced
by (&;;t;) and integrations by parts, that the last integral belongs to S™°(R?® x R?). By
Fubini’s theorem, we rewrite the previous double integral as

C/R3 Fosrs(n) Forps (—n)
X / eI Koy (25 + £5/2) Xowe) (27 — £5/2) dt; diy
RS
= C/RB Fors(' = &) Farrp (§5 —1') s5(n) dnf (5.7)

where si(n) = /R3 e’ t Xo;(% +t; /2) XOC])( —t; /2)

Using again (2.1), with (x; &) replaced by (7/;t;) and integrations by parts, s; satisfies
VkeN, e, >0; V' e RP\ {0}, [0/*|s;(n)] < k. (5.8)

Take &; € R? with |¢;| > 1. By (5.8) and the boundedness of the functions F, (cf. (4.8)),
the contribution to the integral (5.7) of the region {n/ € R?; || > |;|/2} is bounded
above, for all k € N, by 2¥¢;|¢;]7% times the L>-norm of F, 4 times the one of Fi 4.
For the contribution of the complement, we use the Taylor expansions with exact integral
remainder

1
Fuvs(n— &) = Fars(—6) + / Vo s(rn — &) - dr

and )
Fa’+ﬂ’(§j _77) = Fa'+ﬁ’(fj) - /0 VFo/+ﬁ”(5j _7’77) -ndr

to get

/ Foas(n — &) Farssr (& — 1) 55(n) di
Inl<I€51/2

= Fois(—6) Fass (&) / s dn + R

In'|<I€;51/2

such that |R(&;)| < d|&| 70~ alHBHHAD " for some ¢j-independent constant d > 0,
thanks to (4.8). Thus

/ Fors(=&;) Farppr (§5—m) s;(n) dn = Forp(=&5) F. /+ﬁ’(§g)/ sj(n) dn + R'(§;)
Inl<Ié;1/2 s
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where R’ satisfies the same estimate as R, thanks to (5.8). Using (4.8) again, we obtain
that, uniformly w.r.t. z;,

S(J,,Bj)a (25:65) = c|§j‘—8—(\a|+|5\+|a +15'1) /R3 s;(n) dn + O(|§j|—9—(la\+|ﬁl+\a I+5 l))'

Now, we observe that we may apply the above argument to any partial derivative of the
function S ] Ny )a - This proves the claim.

Coming back to Sj, we use (5.5) and the previous results for an integer m > 8+n; +n/
to get S; = S}) + R where R € §797" "0 (R3NV=D x R3N=1) and S}) is given, up to a
multiplicative nonzero constant, by

S8 = Y Xi(w) oy (@) Xoweeyy () Fal—&) Far())

\‘1|:nj,
laf1=ne )
i€ -t
. /R:s(zv—z) c " Xj (gj + Zj/Q) X;{ (gj - tj/2)
X ag(xjiz;+t;/2) "o (x52; — 15/2) dt;
= X0 () Xose() (%) / et X (%‘ + tj/2) X (%‘ - Ej/z)
R3(N-2)
X Fa(=&) aa (2 + 1;/2)
loo|=n;
X > Ful&y)du(z52; — t;/2) dt
1=

In particular, S; € S™°7"~ ne &) (R3WV=D x R3WN-1)) " Assume that, for some ¢ > 8+m;+ng ),
S; € STIRINTY 5 R¥ND) then S9 must vanish identically. This means that, on a small
neighbourhood of (z;2"), the above Fourier transform is zero. Since the Fourier transform
is injective, the product of the two sums must vanish identically as well. Each sum being
real analytic, one of them must be zero. By Lemma 4.3, this implies that either all the
functions aq, with |a| = n;, vanish near Z or all the functions ag,, with |o/[ = n ), vanish
near 2”. As in the end of the proof of Lemma 4.7, this contradicts the definition of n; or
the one of nc(])

By (5.3), we see that the Weyl symbol of K belongs to S™8P(R3 V=1 x R3N=1) Let
¢ e D\ {j}. We saw that the nonzero SJQ and S) have different asymptotics as |£] — oo.

Therefore any term in the sum in (5.3) cannot be compensated. Since these terms do not
belong to S™¢(R3V=1 x R3W=1) 50 does the Weyl symbol of K. O

Appendix.

For completeness, we prove in this appendix Lemma 2.1 and Lemma 4.3.

Proof of Lemma 2.1: Recall that, for the integrable function g : R — C, its Fourier
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transform F), is given, for £ € RY, by (2.3), namely
R = [ e glaar. (A.9)
R

1. Since g is continuous and compactly supported, we can derivate indefinitely many
times w.r.t. to £ through the integral in (A.9). This shows that F} is smooth.
Since g belongs to the class C*, we can integrate by parts k times in (A.9), thanks
to the identity (2.1). This leads to

R = I [ e e ds
Rd
for some compactly supported, continuous function g;. Since the latter integral is
bounded w.r.t. £, we get the desired result.

2. By assumption, F is integrable on R?. Thus, we can recover g from F, y by the Fourier
inverse formula (2.5): for z € RY,

g(z) = (2m)™° / ) et Fy(€) de . (A.10)
R

By assumption, the partial derivatives of (z;&) + €4 F,(§) w.r.t. = up to order

E(r) are &-integrable thus, by Lebesgue’s derivation theorem, we can continuously

differentiate E(r) times under the integral sign in (2.5) yielding the CE(") regularity
for g. [

Proof of Lemma 4.3: Let n € N. Assume that the map

R*5 ¢ — Z ca Fo()

|al=n

for complex coefficients c,, is zero identically. Since the Fourier transform is injective, the
map
R*> 7 Z Ca |z 2%x (|2]) (A.11)
laf=n

is also zero identically. Thus the real analytic map

R*>z — Z Co, 1%

laf=n

is zero identically on the non-empty open set {x € R\ {0}; x(]z]) = 1} and therefore
everywhere. Since the homogeneous polynomials x +— z2, for |a| = n, are lineary inde-
pendent, all the ¢, are zero. Thus, the functions F|, are lineary independent.
Assume that the map

R3¢ = ) caPalf),

|a)=n
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for complex coefficients ¢,, is zero identically. By Lemma 4.2, we thus have, for || > 1,

Z ca Fa(§) = O(’ﬂ_g)_n)'

|al=n

By Lemma 2.1, the function (A.11) belongs to C"*'. By Lemma 3.4, this function must
be zero identically near 0. By a previous argument, this shows that all the c, are zero,
yielding the linear independence of the P,, for |a| = n. O
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